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ABSTRACT

Let G=(V, E) be a graph where the edge set E can be a multiset. If there exists a bijection a: V— S(G)
where S(G) is a multiset of real numbers such that uve E if and only if |a(x) — a(v) | = a(w) for
some we V, then a is called an autograph labeling of G. The multiset S(G) = {a(v) : ve V} is called
a signature of G. If the underlying set of S(G) is {0,1,2,...,n—1} where n=| V|, then S(G) is called
a modular signature of G. In this paper, we prove that complete graphs K # K, and complete
bipartite graphs Kr’s #Km have several modular signatures while K, and KZ’2 have unique modular
signatures. We characterize paths, cycles, wheels, and fans that admit a modular signature. We
also obtain several classes of graphs that do not have a modular signature.
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INTRODUCTION

In 1979, Bloom et al. introduced autograph
labeling (Gallian, 2014). Let G = (V, E)
be a graph where the edge set E can be a
multiset. Then G is called an autograph if
there exists a bijection a: V — S(G) where
S(G) 1s a multiset of real numbers, such that
uve E if and only if there exists a we V such
that | a(u) — a(v)| =a(w). The map a is called
an autograph labeling, and the multiset
S(G) ={a(v) : ve V} is called a signature of G.
If the underlying set of S(G) is {0,1,2,...,n— 1}
where n= | V|, then S(G) is called a modular
signature of G.

For the graph K3,2 given in Figure 1, the
mapping a: V—{1,1,3,4,4}, defined by a(a)=1,
a(b) =1, ale) =3, a(d) =4, and ae) =4 is
an autograph labeling, and {1,1,3,4,4} is a
modular signature of the graph.

a

C

Figure 1. An autograph with a modular signature.

Several authors such as Bloom et al. (1979),
Panopio (1980), Gervacio and Panopio (1982),
Sonntag (2003), Sonntag (2004), and Sugeng
and Ryan (2007) have investigated which
graphs are autographs, while Fontanil (2013)
studied the properties that can be derived from
the signatures of an autograph. Bloom et al.
(1979) constructed signatures of autographs
such as complete graphs, complete bipartite
graphs, paths, and cycles. Also, wheels and
fans were found to be autographs by Panopio

(1980), and an algorithm for finding their
signatures was also given.

An autograph can have different autograph
labelings or signatures (Sugeng & Ryan,
2007). The focus of the paper is to investigate
the existence and uniqueness of modular
signatures of autographs. The graphs
considered in this study are finite, simple,
and undirected. For any veV, the open
neighborhood of vis N(v)={ueV:uve E}, and
the degree of v is degv = | N(v)|. For graph
theoretic terminology, we refer to Chartrand
and Lesniak (2005).

RESULTS AND DISCUSSION

We start with the following observations on a
graph G of order n with an autograph labeling
a and corresponding modular signature S(G).
These observations are essential to prove the
major theorems.

Observation 1. Let 0 S(G) and a(v) =0. Since
| a(u) —a(v) | =a(u) for all ue V, it follows that
uve E, and hence, degv=n —1.

Observation 2. Suppose n > 2. Let 0¢ S(G),
and w,veV are such that a(x) = a(v). Since
a(w)=a(v), |a(w)—a@)| = |a(w) —a(v)| for all
weV. Thus, we N(u) if and only if we N(v).
Moreover, 0¢ S(G), so vg N(u) and ué& N().
Hence, N(u) = N(v), and degu = degu.

The following theorem guarantees the
existence of 0 in the modular signature of a
complete graph.

Theorem 3. Let a be an autograph labeling
of K with modular signature S(K ). Then,
0eSK).

Proof: Since S(K,) =10}, the result is trivial for
n =1. Now let n > 2. Suppose 0¢ S(K ). Then
there exist two distinct vertices v,,v, such that

a(v,) = a(v,).



128 MANILA JOURNAL OF SCIENCE

VOLUME 10 (2017)

Now, |a(v,) —a(v,)| =0¢&S(K), and hence,
v,v, E(K ), which is a contradiction. m

The converse of the previous theorem is not
always true. It is possible for a graph that
1s not a complete graph to have a modular
signature containing 0. The fan graph F| is not
a complete graph but has a modular signature
{0,0,1,3}.

Theorem 4. Let G be a graph of order n
with an autograph labeling a and a modular
signature S(G) ={0,1,2,...,n—1}. Then, G=K .

Proof: Since |x—y| €{0,1,2,..., n— 1} for all
x,y€10,1,2,...,n—1}, it follows that for any two
vertices v and v of G, |a(uw) — a()| = a(w) for
some we V(G). Hence, uve E(G) and G=K . m

It follows from Theorem 4 that complete
graphs are the only graphs with a modular
signature that have distinct elements.

Theorem 5. The complete graph K has a
modular signature, and it is unique if and
only if n=1.

Proof: For n > 2, choose any
x € {0,1,2,...,n — 1}. Then, the multisets of
the form{0,0,...0,x,x,...,x} where 1<i<n
are modular signatures of K . Also, {0} is the
unique modular signature of K. m

Theorem 6. The complete bipartite graph
G =K, 6 has a modular signature, and it is
unique if and only if m =n=2.

Proof:1f m=n=1,then G=K, ,=K,, which has
two modular signatures {0,0} and {0,1}. Hence,
we assume that m +n>3. Let a be an autograph
labeling of G with modular signature S(G).
By Theorem 4, S(G) # {0,1,2,...,m + n—1},
and hence, there exist v ,v, € V(G) such that
v,#v,and a(v,) = a(v,). We claim that

0 ¢ S(G). Suppose 0€ S(G). Then, there exists
ue V(G) such that a(x)=0. It follows that
la(v,) —a@) | =a,), la(,) —a(w)| = a(v,)
and |a(v,) — a(v,) |= a(u). Hence, v,u,v,u,v,v,
are edges of GG, which is a contradiction since

a bipartite graph cannot have a cycle of odd
length. Thus, 0¢ S(G).

We now claim that G = K,, has a unique
modular signature. Since OéS(G), it follows
that the underlying set of S(G) is {1,2,3}. Since
G 1is bipartite, G cannot have a cycle of odd
length, so {1,2,3} cannot be a subset of S(G).
Moreover, if X,Y are the bipartition of G,
ue XandveY,then uve E(G). Since 0¢ S(K, ),
it follows that a(x) #a(v). Hence, S(G)=1{1,1,2,2}
or{2,2,3,3} or{1,1,3,3}. Obviously, {2,2,3,3} and
{1,1,3,3} are not signatures of G, and hence,
S(G) ={1,1,2,2} is the unique signature of G.

Now if G=K  #K,, and m + n > 3,
then for any xe€{1,2,3,....m + n — 1} with
2x<m+n-1, {x,x,..x,2x,2x,...,2x} and
m times n times
{x,x,...x,2x,2x,...,2x} aresignaturesof K .
H_/ %/—/ ’
n times m times

In the succeeding results, we characterize
paths, cycles, wheels, and fans that admit a
modular signature.

Theorem 7. The path P = (v,,v,,...,v,) has a
modular signature if and only if n <3.

Proof: Based from Theorem 5 and Theorem 6,
P, P,, and P, have modular signatures. Now
suppose n>4 and P has an autograph labeling
a with modular signature S(P). It follows from
Observation 1 that 0¢ S(P ). Hence, there exist
UV, such that 1<i<j<n and a(v) = a(vj). It
follows from Observation 2 that N(vi)ZN(Uj),
which is a contradiction. Hence for n >4, P,
has no modular signature. m



ON MODULAR SIGNATURES OF SOME AUTOGRAPHS

MAGALONA, ET. AL 129

Theorem 8. The cycle C = (v,,v,,...,v,,v,) hasa
modular signature if and only if n =3 or n =4.

Proof: Based from Theorem 5 and Theorem 6,
C, and C, have modular signatures. For n>5,
proceeding as in Theorem 7, it can be proved
that C has no modular signature. m

Theorem 9. The wheel W =C | +{u} where
C _,=@,v,...,v _,,v,)hasamodular signature
if and only if n =4 or 5.

Proof: Since W, =K, W, has a modular signature
by Theorem 5. For n=5, {1,2,2,3,3}, {1,1,2,3,3},
and {1,1,2,2,3} are modular signatures of W..
Now suppose n>5 and W has an autograph
labeling a with modular signature S(W ).
We claim that 0¢ S(W). Suppose 0e S(W).
By Theorem 4, S(W) #1{0,1,2,...,n — 1}. So,
W has at least two distinct vertices with
the same label. Since 0e S(W) and u is the
only vertex of degree n — 1, it follows from
Observation 1 that a(x) =0 and a(u) # a(v) for
allve V(C _,). Hence, there exist vertices v,
and v, with i #j such that a(v) = q(vj). Since
la(v,) — a(v].)l =0 and 0eS(W), it follows
that vivjeE'(Wn). Hence, we may assume that
v,=v,,,. Now, v, , v, ,€E(W), and hence,
la(v,,,) —a(v,,,) | =y for some ye S(W). Since
a(v)=a(v,, ), we have |a(v)—-a(v,,) | =y, and
hence, v,v,, ,€ E(W ), which is a contradiction.
Thus, 0¢ S(W ), and there exists two vertices
v, and v, such that a(v) = a(vj). Hence, by
Observation 2, N(v) = N(vj), which i1s again
a contradiction. Thus, W does not have a
modular signature if n>5. m

Theorem 10. The fan F =P  +{u} where
P =(v,,v,U,,...,v ) hasamodular signature

if and only if n <4.

Proof: Since F, = K, and F, = K,, it follows
from Theorem 5 that F, and F, have modular
signatures. For n = 4, {0,0,1,3}, {0,0,2,3},
{1,2,2,3}, {1,2,3,3}, and {1,1,2,3} are modular

signatures of F,. Now, suppose n>5 and F,
has an autograph labeling a with modular
signature S(F). We claim that 0¢ S(F)).
Suppose 0 S(F). Since S(F) #{0,1,2,...,n— 1}
by Theorem 4, F has at least two distinct
vertices with the same label. Since 0e S(F)
and u is the only vertex of degree n — 1, it
follows from Observation 1 that a(x) =0 and
a(u) # a(v) for all ve V(P ). Hence, there
exist vertices v, and v, with i #j such that
a(v)= q(vj). Now proceeding as in Theorem 9, it
can be proved that F does not have a modular
signature if n>5. m

The following theorem gives an infinite
family of graphs that do not have a modular
signature.

Theorem 11. Let G be a graph of order n> 2
with A#n —1 and let N(u) # N(v) for any two
distinct vertices. Then, G has no modular
signature.

Proof: Suppose G has an autograph labeling a
with modular signature S(G). Since A#n —1,
it follows from Observation 1 that 0¢ S(G).
Hence, there exist two distinct vertices u and
v such that a(x) = a(v). Thus, by Observation
2, N(u) = N(v), which is a contradiction. m

Corollary 12. For any graph G, the Cartesian
product GoP, where n > 4 has no modular
signature.

Proof: Let n >4, then | GoP, | > 4. For any
vertices (g,v) of GoP , N((g,v)) ={(g,v) vV’
eE(P)}ui(g’,v)lgg € E(G)}. Hence, the
sets of neighborhoods of any two distinct
vertices in GoP are not equal. Moreover,
deg(g,v) = IN(@gv)| =NV |+ IN@| <2+
(IGI-1D)=1Gl+1<n|G|-1=|GoP | - 1.
So A # |GoP, | — 1. Therefore, GoP, where
n >4 has no modular signature by Theorem
11. m
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CONCLUSION

In this paper, we have investigated the
existence and uniqueness of modular
signatures of autographs. In Theorem 9 and
Theorem 10, we have determined the values of
nfor which C + K and P, + K, admit a modular
signature. Further, Theorem 11 gives a family
of graphs having no modular signature. Hence,
the following problems arise naturally.

Problem 1. Characterize graphs G for which
G + K, has a modular signature.

Problem 2. Characterize the class of graphs
G, which do not have a modular signature.

Problem 3. Characterize graphs G having a
unique modular signature.
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