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ABSRACT

Sponsorship is a way of expressing support where an individual or group gives provision (financial
or in other forms) to an event, activity, person, or organization. When it comes to business, the
two involved parties in a sponsorship are expected to engage in a mutual trading relationship
so that each one expects to gain some benefit. In 2012, Nocon’s study introduced a game that
models sponsorship, called sponsored game. In this type of game, there are two sets of players: the
sponsors and the team players. The sponsors aim to create coalitions among the team members
by offering them rewards. The team members will then choose to join coalitions that will yield
them the best rewards in terms of allocations, and thus, crisp coalitions are formed so that each
team player can only join one coalition at a time. But this is too restrictive in the sense that
allowing a team member to join multiple coalitions could illustrate a real-life situation that may
be modelled on a sponsored game. This paper studies sponsored game involving the concept of
fuzzy coalitions in order to model situations that allow team players to specify various level of
participation. Some allocation schemes for this type of game are also discussed, which includes
establishing some relationship among these schemes.
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Classic Sponsored Games

A sponsored game (5,T) is a game with two
sets of players: the sponsors S = {s,,5,,...,5,.}
and the team players T = {t,,t,, ..., t, }. Each
sponsor s; seeks to induce coalitions among
the team players by offering a reward system
v,: P(T)\{0} — R from the set of his reward
system 5 assigning v, (M) for every coalition
M formed by the team players, where P(T) is
the power set of the set T. The notation 5;
signifies the collection of all reward function
v of sponsor s;. In particular, one may view
v;(M) as an incentive that sponsor s, offers
to coalition M because its formulation yields
him a perceived advantage. Thus, a sponsor
will choose a reward system that aims to give
him the best payoff once certain coalition(s)
are formed.

However, the reward systems used by the
sponsors are not necessarily superadditive.
This tackles the situation when the grand
coalition, thatis, all of 7, is not necessarily the
most efficient team yielding the best payoff for
the concerned sponsor(s).

Once all the sponsors have chosen their
reward system, a move

V = (¥) 12i2m € St X 55 X .. X 5%,

is formed, and each team member t;,
j=1,2,..,n must come up with an action
a;: 57 X 53 X .. x 57 — 2" 50 that for a move
V by the sponsors, the team member t; will
choose to join the coalition e; (V). We use the
notation A; to denote the set of all :x;-s of the
team player t;. Hence, the team members will
eventually form coalitions that partition the
set T. Moreover, each coalition M formed will
receive an amount V(M) = X", v.(M), which
is the total amount of rewards offered by the
sponsors to the coalition.

Let P be a partitioning of T for each
coalition M in P, each sponsor s; (1=1,2,...,m)
gets a gross gain G;(M). This gain may be

determined by some external factors (e.g.,
better quality team output may mean higher
profit). Thus, sponsor s;s, obtains a net
gain b, (M) = G,(M)— v,(M), yielding the
total net gain Xy ep b, (M), which is to be
maximized.

Sponsored Games With Fuzzy
Coalitions

We now define a sponsored game with fuzzy
coalition together with its properties. The
“fuzzy” concept here allows the formulation
of coalitions whose members may choose to
give “partial participations,” and therefore, a
player may become a member of more than one
coalition. We also introduce some allocation
schemes that are related to these properties
and the relationships among these allocation
schemes.

Formally, by a fuzzy coalition, we mean
a vector f = (fi, far., fi) € [0,1]™ whose jth
coordinate f; represents the participation level
of player £;in the fuzzy coalition (1 represents
the full participation, and 0, no participation).
The participation level of a team player t; could
be in any form of cooperation including effort,
the amount of time he allots to the project, or
other resources.

We may view the current situation in a
way that team players may work on several
projects all at the same time. Hence, they
may set their own participation level in each
coalition. We shall use the same notations, set
of sponsors, and set of team players.

Each member sponsor 5; will try to create
coalitions among the team players by choosing
a reward system from their set of reward
systems 55 This time, each team player t;
chooses an action or a way of distributing his
efforts to one or more coalitions. This defines
the sponsored game with fuzzy coalition. We
use the notation (S, T,5") to indicate the game,
where 5V is the collection of S%.

Let £, f%e[0,1]™ be fuzzy coalitions. We
use the notation f* = f? to mean £ = f for
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all j =1,2,...,n; that is, every team member
has participation level in f! not less than
their participation level in f%. Moreover,
if f}.l = }3.2 for j =1,2,...,n, then we write
f! = 2. We define the carrier of f as
car(f) ={t|ff>0¥1=j =n}. Thus, the
carrier of a fuzzy coalition is the set of players
with positive participation level on the fuzzy
coalition f.

Each sponsor s5; will choose a fuzzy reward
system v;: [0,1]7 — R, which assigns a reward
v; (f) for every fuzzy coalition f formed in the
game which satisfies the condition v;(0) = 0.
These reward systems represent the pledged
reward by the sponsors supposing a fuzzy
coalition is formed. The aggregate reward of all
the sponsors will be called a move V:[0,1]7 —
R, which assigns the total reward V{f) to the
fuzzy coalition f from the sponsors. We assume
that every reward system imposed by sponsors
is monotonic, thatis, v;(f1) = v;(f%)whenever
fi= £

If for every two fuzzy coalitions f1,fZ?,
with f}-l + _,lf = 1, we have the property such
that v;(f1+ Ff2) = v,(f1) + v;,(f*) whenever
car(f1) = car(f?), then we say that v; has
same carrier superadditivity property.

In this paper, we assume that the reward
systems used by the sponsors satisfy the same
carrier superadditivity property. Otherwise, it
might be possible for some team player to split
a fuzzy coalition into smaller fuzzy coalitions
with the same carrier and get higher rewards.
Note that this statement is not equivalent
to an assumption of superadditivity of the
reward system of fuzzy coalitions. If equality
1s attained, the property becomes same
carrier additivity. That is, if for any two fuzzy
coalitions f1,f2, such that f? +f}-2 =1, we
have v, {(f1+ %) = v, {f1)+ v;(f?) whenever
car(f1) = (f?), then v; has the same carrier
additivity property.

Since T has a total of nn-players then the
power set of T will have a cardinality of 2™,
Hence, there will be 2™ — 1 possible distinct

nonempty carriers. With the assumption of
same carrier superadditivity property, any
two or more fuzzy coalitions with an equal
carrier would be merged since the same carrier
superadditivity guarantees that the resulting
coalition would have a reward of at least the
sum of the rewards of the merged coalitions.
Thus, for a finite number of team players, we
can only have a finite number of formed fuzzy
coalitions. Specifically, for every sponsored
game with fuzzy coalitions, we can form at
most 2™ —1 (merged) fuzzy coalitions whose
carriers are the 2™ — 1 nonempty subsets of T

Let {M;,M,... ,Msn_3} be the collection
of all nonempty subsets of T. Thus, this set
provides a listing of all possible carriers in
a fuzzy coalition. After the move has been
formed, each team player i; sets an action
a;: 57 % 55 % .. x 55 — [0,1]* 71, which assigns
a vector a;(V) = (a}-l,:xf,...,a-:n_l} for each

i
move V where @ is the participation level of

team player t; ti) the fuzzy coalition f* with
carrier My.

Each team member ¢; will have a total
amount of participation level that he could
distribute to the fuzzy coalitions at most equal

to 11, that is,

We could interpret this limit on the
participation level of each player as the limit
on his daily work hours.

Hence, as a response to a move V, the
action & € Ay x A5 % ...x A, will create a set
Fy o of formed fuzzy coalitions fv’f,x. Each of
these f¥, has My as its respective carrier,
that is,

FV,E: =

{fvafrﬂ'[fvﬁrz}}- g}‘: and Cﬂ,’.l‘“{fvafﬂ} =
M, forallj, k}
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For ease of notation, we will use Fy, to
mean the fuzzy coalition f* €F that was
formed by & having My, as its carrier.

When the fuzzy coalition f* is formed,
sponsor 5; has a corresponding gain of Gi{ f "j
. Again, each sponsor will try to maximize
his total net gain Xjfker byi{f"}, where
by (f¥) = G(f¥) —v,(f*) for all f*.

Since each team player f; has a total
amount of participation level at most equal
to 1, he will try to maximize his gain by
distributing this to the fuzzy coalitions
yielding a maximum reward.

To illustrate a situation that is modelled by
a sponsored game with fuzzy coalition, consider
a company proposing projects for teams of
engineers. Companies acting as sponsors
(external or business partners) will then offer
support to projects they think would benefit
themselves. These benefits will be the gain of
the sponsors, which could be in terms of the
utility of the project or the possible earnings
of the project. The offers of the sponsors will
then be the rewards. Based on the offers of
the sponsors, the engineers then decide on
the projects they would like to work on. The
engineers involved in one or more projects
determine their levels of participation (in
terms of effort or time allotment). We see that
in this situation, the engineers of the company
will be able to work on multiple projects. As
a team player, an engineer decides on how he
intends to divide his time or resources among
the projects he chooses to be involved in.

Imputation, Cores, and Dominance
Core

In this section, we discuss some of the
allocation schemes for a given sponsored game
with fuzzy coalitions.

For the discussion of the allocation
schemes, we will assume that the move V
is already chosen by the sponsors and the
action & has already been decided by the team
members. Hence, we already have a fixed move

I and a fixed action &, which implies that the
set Fy o of formed fuzzy coalition is already
created. For convenience, we use the notation
F to mean Fy; and f* in place of £i7,.

An allocation for this game is a vector
avif® — a:'l'*f '{J a‘:f*f ,{J s ﬂ:l'*f “\that corresponds
to a _reward" systezm v, which assigns a payoff
g:f’f " to a team member t; upon joining the fuzzy
coJalitionjk. Since V =14 X 13 X .. X 4, We
have a"/" = Dy @ty ®. Since superadditivity
is not one of our assumptions in sponsored
games, our allocation schemes will tend to
focus on the fuzzy coalitions formed and not
on the grand coalition 7.

We say that an allocation is efficient if the
sum of the payoffs the team members in the
carrier of f¥ would receive upon joining f¥
is equal to the reward received by the fuzzy
coalition f¥. That is,

al =v(f¥)

o
r_fEcrzrl_j":l

For the following theorem, we show that
whenever a team member is able to gain a
reward by forming a fuzzy coalition of his
own, he can maximize his gain by utilizing
all his participation level. For this theorem,
we will consider any arbitrary efficient
allocation a.

Theorem 1.

Let the reward system imposed by each
of the sponsors satisfy the same carrier
superadditivity and suppose that V{f) = 0 for
car(f) = {t;}. Then, for all efficient allocation
aa, the team player t; will utilize his total
amount of participation level. That is, if
v gF{tJ_.}:] = 0, we have EfF{EFfJ-k =1, where F{r_,-}
refers to the fuzzy coalition in F whose carrier
is {t}-}.

Proof:

Let t; be a player whose participation level
to F is less than 11. Thus, EkaFjj,-k < 1. Then,
the excess participation level of team member
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t; would be 1— Ef?{.;f'f-k = 0. Suppose that
0 < V(f) if car(f) = {t}-f.

T h u s, w e h ave
0<V(0,..,0,1 =T sker £¥, 0,...,0), where the
nonzero coordinate 1s the jjth coordinate.

By the same carrier superadditivity
property we will have

v (Fe))
= v (Fpy )+v( Dl—Zf" )

::Lr(n,...,n lt} +1__th )

with the nonzero coordinate being the jjth
coordinate. Since the carrier of both Fy: i1 and
qjﬂ 0,(Fgy) +1-Tprer 5,0, ﬂ)ls {t,},
the payoff for t; will be exactly the reward of
the coalition. Hence, the player can further
increase his gain if he instead put his excess
“participation effort” to the fuzzy coalition
whose carrier is {t}-}.

Corollary

Suppose V{f) =0 only if f =0. If the
allocation used is efficient then for all £; € T,
we have Xsrerf; = 1.

This corollary follows from the fact that
V{f) =0 only if £ =0 implies that V{f) =0
for car(f) = {t;}for every team member ;.

In the classic sense, individual rationality
means that an allocation for a team player
cannot be less than what he could get
by working alone. In the nonfuzzy and
multichoice notion of cooperative game
theory, this statement would not have
multiple meanings, but in the sponsored
game with fuzzy coalitions, this could mean
two things. First, the payoff of a team member
t;, upon joining ¥ must not be less than the
payoff he could have if he decided to form
a fuzzy coalition whose carrier is {t}-} with a
participation level equal to his participation

level in f*. Suppose there is a fuzzy coalition
F{:J.-} in F, a fuzzy coalition in F whose
carrier is Ij; so, by taking his participation
level from f* and putting it to F{:J.-}, he
could create a new fuzzy coalition, say f'.
The second possible meaning of individual
rationality says that the sum of payoffs that
player t; would receive from f* and Ff}
must not be less than the payoff t; would
receive from f'. Respectively, these will be
the weak and strong individual rationality
properties. This means that an allocation
satisfies the weak individual rationality
vropertv if for all team member £; we have

rvff = V{’J .0, }j .0, U} where _,f, is the
jtﬁ coordinate of the rlght hand side. And,
an allocation satisfies the strong individual
rationality property if for all team member

t;, we have

Vf’{ J’r 1

g (
a,; +:1 = V{{]

-0, 55,0, ..,0) + V (Fr: )

where }jk is the jith coordinate of the right-
hand side and (F’r }) refers to the jth
coordinate of Fy [t}

In most cases, the strong individual
rationality property would better fit the
meaning of individual rationality, but for
this paper, we shall use the weak individual
rationality property more often. Thus, when
we say that an allocation satisfies individual
rationality, it satisfies the weak individual
rationality property.

The next theorem shows us that the
satisfaction of the strong individual rationality
property implies that the weak individual
rationality property is also satisfied given
that the allocation is efficient and the game
satisfies the same carrier superadditivity.

Theorem 2.

Let f*eF and a, f be an efficient
allocation satisfying the strong individual
rationality property. If V satisfies the same

. N VT
carrier superadditivity property, then a,;
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is an allocation satisfying the individual
rationality property.

Proof: .

Let f*eF and ar:f be an efficient
allocation satisfying the strong individual
rationality property. By strong individual
rationality, we have

v ([], 0, FF + (F{tj.})j 0, ...,{])

where f;,-k + (F {rj.}). 1s in the jjth entry.

By the same’ carrier super-additivity
property,
ViErL

Uil =
+arJ__ =

A
at

£y
v(0,..,0,£%,0,..,0) +V (Fpz )

Now from the efficiency property

L : f 1) = 1
Dy ; by {F irj}) mnee e (F'ﬁ'}) {t;}. Thus,

Vi
+a, "7 =v(0,..0,£50,..,0) +

vt
) t;

£j

ViFr o
L5

a

a. .
tj

from which we obtain,

a2 (0,...0,£%,0, ...0).
| |

We will denote by I(, £*) the set of all the
allocation schemes that satisfy the individual
rationality and efficiency for a reward system
set by sponsor 5;. We will denote by I(V, £¥)
the imputation set of the fuzzy coalition f*
that corresponds to the move V:

a2 (00,0, 0 eT

I{"’Jfk:] = l_.-.}.-ic . ek -
[ﬂ. o Efﬁ']’ gt}:‘r = l’{fh':]

Also, we have the imputation set for F:

, k
a¥F|V(e®) = alf = Z a,” vt eT
d 4

FEeF

IV,F)= n
and Za::jF =TV(F)
=1

For the following part of the paper, we
will be using the notation & X; to denote the
linear sum of sets of vectors X;'s. That is, the
component-wise addition of the vector in set
X's.

To show the relationship between the
imputation set of the fuzzy coalition and the
imputation set of F, we state the following
result.

Theorem 3
Let V be a move that satisfies the same
carrier additivity property. Then we have

Bsrer IV, f¥) € 1V, F).

Proof:

Let a™F €Brr g 1(v, £¥). Then, for every
fYEF, we can find some a"/" € I(V,f¥)
satisfying the efficiency property, that is,

Erjerﬂr}fﬁ = V{fkj-
Now,

V(F) =XsesV(F¥)

. V.Fe
= Ef'fEFErJ-'El"ﬂ’rj-

vt
= Er_fEI'EfF‘EFﬂ’rJ.-
_ V.F
- Er JET ay i

which is the efticiency property for I{V,F).

Now, we are left to show that

V{eiri}) = a:jp.
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By same carrier additivity property,

V (E:r_l'}) = EI’?{EFU{GJ ..._.ﬂ_. f:l-k_. ﬂ_. ..._.ﬂ}
v.;® by Theorem 2

EEI';{EFQ‘:J.
V.F
V.F
Thus, a,” €I(V,F). Therefore,

B (V. F¥) 1V, F).
[
Let f¥ be a fuzzy coalition and
M c car(f¥). By f%,, we mean a vector
(xl,xg, ...an:.'lwhere X = f;,-k whenever t; € M
and x; = 0if t; € M. ]
Let f¥* = (ankj - fX)EF and a = " pe
an allocation. We say that aa satisfies the

fuzzy subcoalitional rationality property if for
all M £ ca‘r'[f k} we have

Erj- EM ﬂzfr{ = V(ﬁfw}}-

The fuzzy subcoalitional property makes
an allocation more stable by allocating to the
members of M an amount not less than the
amount coalition MM can make if they decide
to leave the fuzzy coalition f* and create a
fuzzy coalition fi,.

In the following discussions, we define
the core and some of its variants as allocation
schemes.

The set of all the imputations of f* with
respect to the move V that satisfy the fuzzy
coalition rationality property is called the
core of the fuzzy coalition f¥ and is denoted
by C(V,fk}. Further, let £ = 0. The e-core of f*
denoted by € ,-'[VJ fx :} consists of all imputations
a¥7" such that for all proper subset M of
car(f*),

Efj"”ﬂ;:fw - V'[ﬁﬂ{w}} = E.

For e-core, M must be a proper subset
of car(f¥) because if M = car(f*), then the
efficiency property would immediately be
violated. This means the e-core would always
be empty. Hence, M # Cﬂ’r'[fk}.

We also have the core of F, denoted
by C(V,F), described to be the set of all
imputations of F such that for all M & T,

V.F
D a2

r_l-'E;'r:I'

2. V().

frerF

If we restrict the game with crisp coalition
only, then we obtain the crisp core given by

cor(v,F) ={a" € IV, F)| Y M <

T)Tejemas; = (eM}}

Another allocation that is a variant of the
core is the Aubin-like core defined by

c4(V,F) = {a¥F € I(V,F)| Tyeral? 2.
vHY e 0"}

The next theorems will show the
relationship between the core of the fuzzy
coalition f¥ and the core of F.

Theorem 4
If the reward system satisfies the
same carrier additivity property then

B C(V.F*) € C(V, F).

Proof:

Let aV*FEﬂEf:cEFC{V,f"}. Then,
Trrera’ =a"F, where a"r" € c(V, *) for
all F& e F. )

Since a"ec(v,f*)=1(V,f*) and
Trrerl(V,f%) =1(V,F), we will have

a"F = Y a¥* € B 1V, f¥) S 1V, F)

FreF

Hence, a"¥ is an imputation of F. Next
1s to show that for all M © T, we have

V.F
DI

f_l-'EJ'd

2. V()

frerF
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D V() =

vt
PIPIR

FEeEF FrEFtEM
— VT
= Er EMEf'fEFﬂ
V.F
= : a.,.
Et_I-EM' tj

which shows that a"¥ € C(V,F).m

The next theorem will show that satisfying
the same carrier additivity is not the only way
to attain the inclusion of the linear sum of the
coalitional cores to the core of the move VV',

Theorem 5

Let x€[01]; if xV(e%) = V(xe™),
then we have '@kaFf'[ijk}E I{(V,F) and
Bsrer C(V.F*) € CV, F).
Proof:

LetVbeamovesuchthatx V{e) = V{xe®)
for all x € [0,1].

Let a"F € Bpxcp 1(V, f¥) . Then, for every
f¥ € F there exist a"f" €I(V,f*) and we

have Et_,—'El"ﬂ-:fk _ V{fk}.
2 V()
Frer

= Ef?fef‘zrjel"v(fk}

vt
Z £j

tiET

VIF) =

which is the efficiency property for the I{V,F).
We now show that V{eti) = aEJjF.

Let f, be tj's participation level on the
fuzzy coalition f" EF.If Ef.fEFf = 1, then
0=1- Efr{EFfJ , by Theorem 1, we have

V({i— Yrrerf)et ):

= f}' Er_l Ef—'
kKeF f'fEF

= Z V( rJ Z f:;k F
FReF FreF
() ()
For the case wherein ¥ sker }3-" =1,
(o) = v((Eperr))
= ZfarEFf}-k v (erj)
= Ef;fEFV(j"}-kerj)

T kerV(0,...,0, £5,0,...,0)

by Individual Rationality

Vf
t.

Thus, a"FelV,F).
Bsrer IV, f¥) € 1V, F).

Therefore,
Now let a" EBrcp c(v,f*); we only

need to show that Ef;fEFV{ﬁ:’fw}} = Erj-e.w a:_fp.

By the coalitional rationality of ay
o . 4
each of the fuzzy coalition f*, we have

Z V(fln) = Z Z al?"

FreF FreFtjeM
_ v.FE
B Z e
LiEM fReEF
_ V.F
_Er_l-'E;'r:I' ar.- .
J
Hence, a"¥ ecC(V,F). Therefore,

Brr C(V.F*) 1V, F). -
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In the fuzzy cooperative game theory,
the Aubin core is contained in the crisp core
because of the stricter conditions given to an
imputation to be a member of the Aubin core.
The next theorem shows us an analogous
relationship between the Aubin-like core and
the crisp core of sponsored games with fuzzy
coalitions.

Theorem 6

Let ¥V be a move and F be a collection
of formed fuzzy coalitions. We have
C4u(V, F) € Co(V, F).

Proof:

Let a%F € C4(VV,F). Hence, we have
a¥F € I{V,F), and for all f €[0,1]", we have
Er_,-EI‘ ﬂrv_lf}j = V(f}

Choose f = ™. Then,

ViF _ ViF M
Z Ge; = Z Ge; &

tiEM tiET

_ V.F
=) a5

tiET
=V(f)

= V(e")

Hence, a"¥ € C<7(V, F). n

The next result shows that the Aubin-like
core is a subset of the core of F if every team
player utilizes his/her total participation level.

Theorem 7

Let V be a move and F be the collection
of the formed fuzzy coalitions such that
Ef:cEFf}-k =1 for all j=1,2,...,n. Then, we
have C4%(V,F)c C(V,F)

Proof:

Let a¥f e CA(V, F) . Since
C4%(V,F) € I{V, F), then we only need to show
that a"F satisfies the coalitional rationality
property. Let M €T

Z V(fln) = Z a/’ (o),

FreF £ET

=) ) i (),

tiET frEF

=D ). (),

FrEFEET

= D af" ) (),

£jET frerF

= Z a;; (eM);

tiET

Hence, a"* € C(V, F).
n
The general relationships among £-cores
and the core of a fuzzy coalition f* is given in
the next theorem.

Theorem 8

Let f¥ € F. Let £.,52 >0 be given. If
g1 > &,thenC, (V,f*) c C_ (V,f*). Further,
we have ,g'c_.[p:fk} C C{V,f"} for any £ = 0.

Proof:

Let £1,8; > 0 be given such that & > &

Let a"f" € C. (V,f*). Since every element
of C., I[VJ i "} satisfies the individual rationality
and efficiency, then a"f" satisfies the
individual rationality and efficiency. Moreover,
for any proper subset M of r:a'.r‘( i k:l, we have
ErJ-EM ﬂ:f'f — Vﬁ:’fm =g . But, 5 =&, so we
have Xeen a:__’fw —Vfinz=ea =& Thus, we

I.\.J

have our desired inequality.
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Further, for every £>0, we can have
Erj.EM avj‘f Uf = £ = 0. Thus, any element
of an £-core satlsfies the fuzzy coalition
rationality property. Hence, every element of
an £g-core is a member of C (V, f k}. Therefore,
for any £ = 0, we have CE'[VJfk} c C'[ijk}.

We say that an imputation a%f"
dominates imputation ¢"/" if there exists
an M C Cﬂ?"l(fk\} Ssuch that for all t.€ M _we
have a, s c, " and V(fkn) = Ze, jem® r’f :

The set of all imputations of ¥, which are
not dominated by any other imputation of f*,
is called the dominance core of f¥, denoted
by DC(V, £*). Moreover, the set of imputations
of F that are not dominated by any other
imputation is called the dominance core of
F, denoted by DC(V, F).

In the following theorem, we exhibit the
classic relationship between the core and the
dominance core.

Theorem 9
Let f* € F. We have C(V, f¥) € DC(V, f¥).
Moreover, C(V,F)< DC(V,F).

Proof:

Let $x € I(V,f*\DC(V, £*). Then, there
exists an imputation ¥ € f(V,fk} such that
v; = x; for all t; € M for some M < car(f¥)

with V(ffp) 2 Zejenyy-

HenceEr e Xj = V{fﬁ,}jzr e Xy < V{f 3,}
Thus, xx does not satisfy the fuzzy subcoalition
rationality property.

This tells us that x € I(V, F* N\C(V, F¥).
Therefore, C(V,f*) € DC(V,f*).

Also, let x € I(V, F\DC(V,F). Then, there
exists an imputation ¥ € f'[ijk} such that
¥; = x;forallt; € Mt; € MforsomeM S ca’.r"'[f":l
with Ef ker(f( w}} Er e Y-

Hence, E:wa} < Efr{E;{f w}} so that
x is not an element of C(V,F), which

implies that x € I{V,F)\C(V,F). Therefore,
c{V,F)c DC(V,F).

A Situational Example

A team of engineers &, f; and t3 works in a
company. Two clients 51 and 5; of this company
offer funding for several projects. Client 5;
uses a reward system 14 such that for a fuzzy
coalition ¥ = (x1,%x5,%3) we have

x; if car(x) =t;
2(x;, +x;) if car(x) = {t;,t;,]
2(:1’1 =+ :X:: + xE} 1f Cﬂ-’r(x} = T

W (x) =

in thousands of dollars.

Client 5; uses a the reward system 'z, such
that for every fuzzy coalition x = (x1,%5,x3) we
have
X; if
Xy + Xin

car(x) = t;
if car(x) —{t t; }

jar Uiz
Z(xi + x5+ x3) U car(x) =

vy (x) =
in thousands of dollars.

ANALYSIS

For the analysis of our given situation, if
fuzzy coalition x = (xy,%2,%3) has a carrier of
cardinality 1, say x; = 0, then ; will receive
an amount equal to x; from 5 and amount x}-2
from s3. Thus, the total amount £; will receive
is x; +x7. If car(x) = its Jt}z} j1 # j2, and
jijz € £1,2,3}, xx will receive an amount of
2(x;, + x;, ) from 5151 and x;, + x;, from 52. And
if the carrier of xis T, then the whole team will
receive an amount 2(x1 + x; + x3) from 5y and
an amount of = (xl + x;+ x3) from Sa.

Thus, the move V is defined to be
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x-+xj-

: if car(x) = t;

V) =) 3(x;, +x,) if car(x) = {t,,t;,}

%(xlﬂc: +x5) if car(x) =T

in thousands of dollars.

The imputation of f* is defined to be the
set of allocations that satisfy the efficiency
and individual rationality property. Since this
allocation scheme focuses on the formed fuzzy
coalition, we will take each possible carrier of
the the possible coalition, that is, analyze the
situation based on each possible cardinality of
the fuzzy coalition.

i) If the car(f*) = {t;}, then clearly x;» = 0
and the other player has no participation
in f*. Hence, x;+x7=0 if j/#j. Thus,
ErJ_.Erx}- + xf =x;+ x}% which is the efficiency
property. Also, for individual rationality, since
the car(f*) has only one player, it is clear that
ty must at least earn x;/ + xf-r.

Hence, for our imputation
sets, if car(f¥)={ty} then

IV, %) ={xy +x],x,+x3,%3 +x31.

i) If car(f*) = {t Eis h} then by individual
rationality, we will have x; +x}- = a; for
j =123, The value of j is not neccessarily
needed to be restricted to j, j2 since the other
player has no participation on f¥; that is,
x; = 0 whenj # j;fori = 1,2, For the efficiency
property, we will have a;, +a;, = S(x + x; }

Ja
since 3(3{ +x; } is the total earmng of fk

Then, I(V,f¥) = {(:11, 2,@3)|X; +x} =
a; and a;, + a;, = 3(x;, +x;,)} when car(f¥) =
{t} S

iii) Suppose car(f*)=T, then every
player must at least have x; +;x:}2 by
individual rationality. And b the efﬁmency
property, ai+a;+as ——(x1+xn+x3}

Thus’ 'ir(l['}:fk} = {(ﬂ'ljﬂ'ﬂjﬂ'ﬂ}ll‘:i-l_ .'X-'}- -

And for the imputation set of F, we have
xj=1forj=123sothatx; +x’=1+1=2.
Thus,

1(V,F) ={(ay,a;
fg = V(F}}

a3)|2=a;anda; +a; +

For the core of f*, which also focuses on
the fuzzy coalition, the analysis will also look
into the possible cardinality of the carrier
of the fuzzy coalition. If car(f¥) = {t;] then
C(U,f"} ={x;+x],x;+x3,x3+x3] since
subcoalitional rationality would have no
effect to fuzzy coalitions with one member.
Also, for the case car(f¥) ={t;.t; }, the
largest subcoalition is a singleton; thus, the
subcoalitional rationality of the core will be
equivalent to the individual rationality. Hence,
C(V, f*) = I(V, f*) whenever |car(f*)| = 2.

Suppose that ca‘r{ ik } T. By theindividual
rationality, a; = x; + x} which is the amount
if t; chooses to work alone By efficiency
property,ay + a; + az = —(xi + x; + x3), which
is the total earning of fk If a subcoalition
with carrier {t;,t;.} chooses to leave f¥,

then it would at least earn E(x}-,_+x}-z}. Let
t;y be the third player, the one left out by
t;, and
g (x; + x; + x3), then player £ must at most
have H (xi +x.+ xg} —3(x;, +x

t;.. Since the total earning of f* is

J Hence,
. Therefore, if car(f"} T

1'.'-’x frj,
G,_;,,- =

we will have

c(V,f*) = {(alj az,as) x; + _‘X.'}-: <a; =

'l?x}-f — X, — X

6

Iz
and aq + a2 + ag

17
= E(x1+x2 +xa}}
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For the core of F, we must have
a;=Vie)zx+x;=1+1=2 and
ay +a; +a; =V(F) since @ must be an
imputation of F. For the subcoalitional
rationality property, let M € T be a subcoalition.

If M={t;} then ﬂ}-fiszepv(f{t__f})Z

Efkepx;ﬁ + kaEF(x}’.‘f) =1 +EkaF(X_;-{r:] =1

Thus, this condition is automatically satisfied
by a core element since it also an imputation.
If M={t;.,t;}, then a; +a; = Xker
K . K o kY v, k
'F(ﬁ:fn’f}} = EwaFE(x}-L +x}-1} = E_f'(EF 3{1’}-‘_} +

Ef;fef'B{x_;;} =3x;,+ 3x;, =3+3=6. Since
this must be true to every {t;,,t;.} €T, then
aq + da + Qg = 9

Therefore,

C(F, F} = {(ﬂ-i;ﬂ:_. ﬂ'ﬂ}l 1 = ﬂ‘_;l'
ﬂ-1+ﬂ-2251 ﬂ-1+ﬂ-3251

and a; + ag = 5}

CONCLUSION

In this study, we deal with the application
of the notion fuzzy coalition in the model of
sponsored games. We use this notion in order
to illustrate the difference in the participation
level among the team members. We also gave
restrictions in the amount of participation level
a team member could distribute. However, we
also allow the team member to join more than
one fuzzy coalition as long as the restriction
is not violated.

We introduce the notion of fuzzy coalitions
in a sponsored game so as to model some
situations that call for a different level of
participation. This includes the carrier of
a fuzzy coalition. The study also includes
discussion on the same carrier superadditivity
new properties like the same carrier
superadditivity, which makes a reward system

satisfy v; (f* + f¥) = v;(f*)+v;(f¥) whenever
car(f*) = car(f¥).

Some allocation schemes like imputation,
cores, and dominance core are discussed in the
study together with properties of allocation
schemes like individual rationality and
efficiency. This is a vital part since allocation
is one of the foci of the study in cooperative
game theory. The relationships between these
allocation schemes were also discussed.
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