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ABSTRACT

In 2008, H. Fernau et al. provided an optimal sum labelling scheme of the generalized friendship 
graph and showed that its sum number is 2. The generalized friendship graph  is a symmetric 
collection of cycles meeting at a common vertex. This graph fq,p may also be viewed as a graph 
obtained by considering several copies of a cycle and identifying a vertex from each cycle and 
merging them into a single vertex. In this paper, we consider a cycle and several paths and 
form a graph by concatenating a pendant vertex from a path to a vertex in the cycle. We also 
determine the exact value or a bound for the sum number of the resulting graph. Specifically, 
we show that the sum number of tadpole graph  Tn,m and the graph SmCn is at most 2 and that 
the crown graph 
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generalized friendship graph and showed that its sum number is 2. The 10 
generalized friendship graph 𝑓𝑓𝑞𝑞,𝑝𝑝 is a symmetric collection of cycles meeting 11 
at a common vertex. This graph may also be viewed as a graph obtained by 12 
considering several copies of a cycle and identifying a vertex from each cycle 13 
and merging them into a single vertex. In this paper, we consider a cycle and 14 
several paths and form a graph by concatenating a pendant vertex from a 15 
path to a vertex in the cycle. We also determine the exact value or a bound for 16 
the sum number of the resulting graph. Specifically, we show that the sum 17 
number of tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛 is at most 2 and that the 18 
crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 has a 1-optimal sum labelling.  19 
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 24 
The graphs considered here are all finite, undirected, and simple. 25 
 26 
Sum graphs were introduced by Harary (1990) in the year 1990, and from then on, 27 
researchers have conducted studies on sum graphs. A graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) is called a sum 28 
graph if there is a bijection f from V to a set of positive integer S such that [x, y] ∈ E(G) if 29 
and only if 𝑓𝑓(𝑥𝑥) +  𝑓𝑓(𝑦𝑦) ∈ 𝑆𝑆. The bijection f is called a sum labelling scheme for G. Note that 30 
since the vertex with the highest label in a sum graph cannot be adjacent to any other 31 
vertex, every sum graph must contain isolated vertices. In view of this, any graph H can be 32 
made into a sum graph by adding isolated vertices. Thus, the essential problem of 33 
researchers has been to determine a labelling scheme that minimizes the required number 34 
isolated vertices for a given graph H. We denote 𝜎𝜎(𝐻𝐻) as the minimum number of isolated 35 
vertices such that 𝐺𝐺 = 𝐻𝐻 ∪ 𝐾𝐾𝜎𝜎(𝐻𝐻)�������  is a sum graph. Here, 𝐾𝐾𝜎𝜎(𝐻𝐻)�������  is the complement of the 36 
complete graph 𝐾𝐾𝜎𝜎(𝐻𝐻). 37 
 38 
The paper by Miller et al. (2006) entitled “Sum Graph Based Access Structure in a Secret 39 
Sharing Scheme” shows how one can use sum graph labelling to distribute secret 40 
information to a set of people so that only authorized subsets can reconstruct the secret. A 41 
variation of the notion of sum graph was introduced by Dou and Gao (2006) in their paper 42 
entitled “The (Mod, Integral) Sum Numbers of Fans and 𝐾𝐾𝑛𝑛,𝑛𝑛 − 𝐸𝐸(𝑛𝑛𝐾𝐾2).” They have shown 43 
that the sum number of fan 𝐹𝐹4 is 2, the sum number of fan 𝐹𝐹𝑛𝑛,𝑛𝑛 = 3 or 𝑛𝑛 ≥ 6 and n is even is 44 
3, and the sum number of fan 𝐹𝐹𝑛𝑛 ,𝑛𝑛 ≥ 5 and n is odd is 4. 45 
 46 

 has a 1-optimal sum labelling. 
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INTRODUCTION

The graphs considered here are all finite, 
undirected, and simple.

Sum graphs were introduced by Harary 
(1990) in the year 1990, and from then on, 
researchers have conducted studies on sum 
graphs. A graph G = (V,E) is called a sum 
graph if there is a bijection f from V to a set of 
positive integer S such that [x,y] ∈ E(G)  if and 
only f(x) + f(y) ∈ S. The bijection f is called a 
sum labelling scheme for G. Note that since the 
vertex with the highest label in a sum graph 

cannot be adjacent to any other vertex, every 
sum graph must contain isolated vertices. 
In view of this, any graph H can be made 
into a sum graph by adding isolated vertices. 
Thus, the essential problem of researchers 
has been to determine a labelling scheme 
that minimizes the required number isolated 
vertices for a given graph H. We denote σ(H)as 
the minimum number of isolated vertices such 
that 
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Secret Sharing Scheme” shows how one can 
use sum graph labelling to distribute secret 
information to a set of people so that only 
authorized subsets can reconstruct the secret. 
A variation of the notion of sum graph was 
introduced by Dou and Gao (2006) in their 
paper entitled “The (Mod, Integral) Sum 
Numbers of Fans and Kn,n – E(nK2).” They have 
shown that the sum number of fan F4 is 2, the 
sum number of fan Fn,n = 3 or n ≥ 6 and n is 
even is 3, and the sum number of fan Fn,n ≥ 5  
and n is odd is 4.

The motivation of this paper is due to 
the article entitled “A Sum Labelling for the 
Generalised Friendship Graph” by Fernau, 
Ryan, and Sugeng (2008). The generalized 
friendship graph fq,p  is a collection of p cycles 
(all of order q) meeting at a common vertex. 
In their paper, they provided an optimal 
sum labelling scheme for the generalized 
friendship graph and showed that its sum 
number is 2. In this paper, we look at graphs 
that result when paths and cycles are joined 
and provide a sum labelling scheme that hopes 
to minimize the number of isolated vertices in 
its corresponding sum graph. In particular, 
the paper of Harary (1990) has shown that 
the sum number of the tadpole graph T3,m is 
1 for m ≥ 4. A tadpole graph is obtained by 
concatenating a pendant vertex of a path and 
a vertex in a cycle  by an edge. In the present 
paper, we provide a sum labelling for thegraph 
Tn,m for any n ≥ 3 and m ≥ 2 .

SUM LABELLING

In this section, we define some concepts from 
graph theory that are useful in understanding 
the sum labelling of a graph. The concepts on 
graph labeling in this chapter were obtained 
from Galian (2015).

A graph G(V,E) has a sum labelling if 
there is a bijection 
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[𝑢𝑢, 𝑣𝑣] ∈ 𝐸𝐸(𝐺𝐺) if and only if 𝐿𝐿(𝑢𝑢) +  𝐿𝐿(𝑣𝑣) ∈ 𝑆𝑆. Any graph supporting a sum labelling is called a 66 
sum graph. We note that if a vertex, say 𝑥𝑥, is adjacent to another vertex, say 𝑦𝑦, then 𝐿𝐿(𝑥𝑥) 67 
or 𝐿𝐿(𝑦𝑦) cannot be a maximum label; thus, the vertex with the highest label in a sum graph 68 
cannot be adjacent to any other vertex. So, it must be the case that every sum graph must 69 
contain isolated vertices, that is,  𝐺𝐺 = 𝐻𝐻 ∪ 𝐾𝐾𝑟𝑟��� for some 𝑟𝑟 > 0. In a sum graph G, a vertex w 70 
is called a working vertex if there is an edge [𝑢𝑢, 𝑣𝑣] ∈ 𝐸𝐸(𝐺𝐺) such that 𝐿𝐿(𝑤𝑤) =  𝐿𝐿 (𝑢𝑢) +  𝐿𝐿(𝑣𝑣). 71 
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together with 𝜎𝜎(𝐺𝐺) isolated points a sum graph is called an optimal sum graph labelling, 74 
and we say that it is 𝜎𝜎(𝐺𝐺)-optimal. 75 

 76 
In the paper of Dou and Gao (2006), they found a sum labelling scheme for the fan graph 𝐹𝐹3. 77 
They have shown that 𝐹𝐹3 has a sum number that is equal to 3. The fan graph has the set of 78 
vertices 𝑉𝑉(𝐹𝐹3) = {𝑎𝑎𝑖𝑖| 𝑖𝑖 = 1, 2, 3} ∪ {𝑎𝑎} wherein 𝑎𝑎1,𝑎𝑎2 and 𝑎𝑎3 are the rim vertices and c is the 79 
vertex in which 𝑎𝑎1,𝑎𝑎2, and 𝑎𝑎3 are connected. It also has edge set 𝐸𝐸(𝐹𝐹3) = {[𝑎𝑎𝑖𝑖,𝑎𝑎]| 𝑖𝑖 = 1, 2, 3}  ∪80 
{[𝑎𝑎1,𝑎𝑎2], [𝑎𝑎2,𝑎𝑎3] }. To show that the sum number 𝐹𝐹3 is 3, they first defined a map 𝐿𝐿 ∶ 𝑉𝑉(𝐹𝐹3)  →81 
𝑆𝑆 ⊂ ℕ and then labelled the vertices as follows: 82 
 83 

𝐿𝐿(𝑎𝑎) = 𝑐𝑐,  𝐿𝐿(𝑎𝑎1) =  2𝑐𝑐, 𝐿𝐿(𝑎𝑎2) =  1,𝐿𝐿(𝑎𝑎3) =  𝑐𝑐 + 1 where c> 4 84 
 85 
and thus resulting to 3 isolated vertices that are labeled 𝐿𝐿(𝑐𝑐1) = 3𝑐𝑐, 𝐿𝐿(𝑐𝑐2) = 2𝑐𝑐 + 1  and 86 
𝐿𝐿(𝑐𝑐3) = 𝑐𝑐 + 2. The graph in Figure 1 is an example of a sum labelling for 𝐹𝐹3 ∪ 𝐾𝐾3��� with c = 7. 87 

 88 
Figure 1. A sum labelling for 𝐹𝐹3 ∪ 𝐾𝐾3���. 89 
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friendship graph and showed that its sum number is 2. In this paper, we look at graphs 51 
that result when paths and cycles are joined and provide a sum labelling scheme that hopes 52 
to minimize the number of isolated vertices in its corresponding sum graph. In particular, 53 
the paper of Harary (1990) has shown that the sum number of the tadpole graph 𝑇𝑇3,𝑚𝑚 is 1 54 
for 𝑚𝑚 ≥ 4. A tadpole graph is obtained by concatenating a pendant vertex of a path and a 55 
vertex in a cycle 𝐶𝐶3  by an edge. In the present paper, we provide a sum labelling for 56 
thegraph  𝑇𝑇𝑛𝑛,𝑚𝑚 for any 𝑛𝑛 ≥ 3 and 𝑚𝑚 ≥ 2. 57 

 58 
SUM LABELLING 59 

 60 
In this section, we define some concepts from graph theory that are useful in understanding 61 
the sum labelling of a graph. The concepts on graph labeling in this chapter were obtained 62 
from Galian (2015). 63 

 64 
A graph 𝐺𝐺(𝑉𝑉,𝐸𝐸) has a sum labelling if there is a bijection 𝐿𝐿 ∶  𝑉𝑉(𝐺𝐺)  → 𝑆𝑆 ⊂ ℕ such that 65 
[𝑢𝑢, 𝑣𝑣] ∈ 𝐸𝐸(𝐺𝐺) if and only if 𝐿𝐿(𝑢𝑢) +  𝐿𝐿(𝑣𝑣) ∈ 𝑆𝑆. Any graph supporting a sum labelling is called a 66 
sum graph. We note that if a vertex, say 𝑥𝑥, is adjacent to another vertex, say 𝑦𝑦, then 𝐿𝐿(𝑥𝑥) 67 
or 𝐿𝐿(𝑦𝑦) cannot be a maximum label; thus, the vertex with the highest label in a sum graph 68 
cannot be adjacent to any other vertex. So, it must be the case that every sum graph must 69 
contain isolated vertices, that is,  𝐺𝐺 = 𝐻𝐻 ∪ 𝐾𝐾𝑟𝑟��� for some 𝑟𝑟 > 0. In a sum graph G, a vertex w 70 
is called a working vertex if there is an edge [𝑢𝑢, 𝑣𝑣] ∈ 𝐸𝐸(𝐺𝐺) such that 𝐿𝐿(𝑤𝑤) =  𝐿𝐿 (𝑢𝑢) +  𝐿𝐿(𝑣𝑣). 71 
For a graph G, the sum number 𝜎𝜎(𝐺𝐺) is the minimum number of isolated vertices that 72 
must be added to G so that the resulting graph is a sum graph. A labelling that makes G 73 
together with 𝜎𝜎(𝐺𝐺) isolated points a sum graph is called an optimal sum graph labelling, 74 
and we say that it is 𝜎𝜎(𝐺𝐺)-optimal. 75 

 76 
In the paper of Dou and Gao (2006), they found a sum labelling scheme for the fan graph 𝐹𝐹3. 77 
They have shown that 𝐹𝐹3 has a sum number that is equal to 3. The fan graph has the set of 78 
vertices 𝑉𝑉(𝐹𝐹3) = {𝑎𝑎𝑖𝑖| 𝑖𝑖 = 1, 2, 3} ∪ {𝑎𝑎} wherein 𝑎𝑎1,𝑎𝑎2 and 𝑎𝑎3 are the rim vertices and c is the 79 
vertex in which 𝑎𝑎1,𝑎𝑎2, and 𝑎𝑎3 are connected. It also has edge set 𝐸𝐸(𝐹𝐹3) = {[𝑎𝑎𝑖𝑖,𝑎𝑎]| 𝑖𝑖 = 1, 2, 3}  ∪80 
{[𝑎𝑎1,𝑎𝑎2], [𝑎𝑎2,𝑎𝑎3] }. To show that the sum number 𝐹𝐹3 is 3, they first defined a map 𝐿𝐿 ∶ 𝑉𝑉(𝐹𝐹3)  →81 
𝑆𝑆 ⊂ ℕ and then labelled the vertices as follows: 82 
 83 

𝐿𝐿(𝑎𝑎) = 𝑐𝑐,  𝐿𝐿(𝑎𝑎1) =  2𝑐𝑐, 𝐿𝐿(𝑎𝑎2) =  1,𝐿𝐿(𝑎𝑎3) =  𝑐𝑐 + 1 where c> 4 84 
 85 
and thus resulting to 3 isolated vertices that are labeled 𝐿𝐿(𝑐𝑐1) = 3𝑐𝑐, 𝐿𝐿(𝑐𝑐2) = 2𝑐𝑐 + 1  and 86 
𝐿𝐿(𝑐𝑐3) = 𝑐𝑐 + 2. The graph in Figure 1 is an example of a sum labelling for 𝐹𝐹3 ∪ 𝐾𝐾3��� with c = 7. 87 

 88 
Figure 1. A sum labelling for 𝐹𝐹3 ∪ 𝐾𝐾3���. 89 

 90 
In the paper by Fernau, Ryan, and Sugeng (2008), they found a sum labelling scheme for 91 
the friendship graph 𝑓𝑓𝑞𝑞,𝑝𝑝. The graph 𝑓𝑓𝑞𝑞,𝑝𝑝 has the set of vertices 𝑉𝑉(𝑓𝑓𝑞𝑞,𝑝𝑝) = {𝑎𝑎𝑖𝑖
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for some r > 0 . In a sum graph G, a vertex 
w is called a working vertex if there is an 
edge [u,v] ∈ E(G) such that L(w) = L (u) + 
L(v). For a graph G, the sum number σ (G)
is the minimum number of isolated vertices 
that must be added to G so that the resulting 
graph is a sum graph. A labelling that makes G 
together with σ (G) isolated points a sum graph 
is called an optimal sum graph labelling, 
and we say that it is σ (G)-optimal.

In the paper of Dou and Gao (2006), they 
found a sum labelling scheme for the fan graph 
F3. They have shown that F3 has a sum number 
that is equal to 3. The fan graph has the set 
of vertices V(F3) = {ai| i = 1,2,3} υ {a} wherein   
a1, a2 and a3 are the rim vertices and c is the 
vertex in which a1, a2, and a3 are connected. It 
also has edge set E(F3) = {[ai,a] | i = 1,2,3} υ 
{[a1,a2], [a2,a3]}. To show that the sum number 
F3  is 3, they first defined a map L : V(F3) → S 
⊂ Ν and then labelled the vertices as follows:

 L(a) = c, L(a1) = 2c, L(a2) = 1,L(a3) = c + 1 where c> 4

and thus resulting to 3 isolated vertices that 
are labeled  and . The graph in Figure 1 is an 
example of a sum labelling for  with c = 7.
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Table 1. Summary of the Sum Number of Some Families of Graphs 339 
 340 

Graph Family 𝑮𝑮 𝝈𝝈(𝑮𝑮) Reference 
Cocktail party graph 𝐻𝐻2,𝑛𝑛,𝑛𝑛 ≥ 2 4𝑛𝑛 − 5 Miller, Ryan, & Smyth (1998) 

Complete graph 𝐾𝐾𝑛𝑛,𝑛𝑛 ≥ 4 2𝑛𝑛 − 3 Bergstrand (1989) 
Cycle 𝐶𝐶𝑛𝑛,𝑛𝑛 ≥ 3,𝑛𝑛 ≠ 4 2 Harary (1990) 

Cycle 𝐶𝐶4 3 Harary (1990) 
Fan 𝐹𝐹4 2 Dou & Gao (2006) 

Fan 𝐹𝐹𝑛𝑛,𝑛𝑛 = 3 or 𝑛𝑛 ≥ 6 and n even 3 Dou & Gao (2006) 
Fan 𝐹𝐹𝑛𝑛,𝑛𝑛 ≥ 5 and n odd 4 Dou & Gao (2006) 

Friendship 𝑓𝑓𝑞𝑞,𝑝𝑝, 𝑞𝑞 ≠ 4 or 5 2 Fernau, Ryan, & Sugeng (2008) 
Tadpole 𝑇𝑇3,𝑚𝑚 1 Harary (1990) 
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2

+ 2 Hartsfield & Smyth (1995) 
Miller, Ryan, Slamin & Smyth (1998) 

Odd wheel 𝑊𝑊𝑛𝑛,𝑛𝑛 ≥ 5, n odd n 
 

Hartsfield & Smyth (1995) 
Miller, Ryan, Slamin, & Smyth (1998) 
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Figure 1. A sum labelling for 𝐹𝐹3. 343 
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Figure 2. A sum labelling for the graph 𝑓𝑓5,4. 346 
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In the paper by Fernau, Ryan, and Sugeng 
(2008), they found a sum labelling scheme 
for the friendship graph fq,p. The graph fq,p 
has the set of vertices 

The motivation of this paper is due to the article entitled “A Sum Labelling for the 47 
Generalised Friendship Graph” by Fernau, Ryan, and Sugeng (2008). The generalized 48 
friendship graph 𝑓𝑓𝑞𝑞,𝑝𝑝 is a collection of p cycles (all of order q) meeting at a common vertex. 49 
In their paper, they provided an optimal sum labelling scheme for the generalized 50 
friendship graph and showed that its sum number is 2. In this paper, we look at graphs 51 
that result when paths and cycles are joined and provide a sum labelling scheme that hopes 52 
to minimize the number of isolated vertices in its corresponding sum graph. In particular, 53 
the paper of Harary (1990) has shown that the sum number of the tadpole graph 𝑇𝑇3,𝑚𝑚 is 1 54 
for 𝑚𝑚 ≥ 4. A tadpole graph is obtained by concatenating a pendant vertex of a path and a 55 
vertex in a cycle 𝐶𝐶3  by an edge. In the present paper, we provide a sum labelling for 56 
thegraph  𝑇𝑇𝑛𝑛,𝑚𝑚 for any 𝑛𝑛 ≥ 3 and 𝑚𝑚 ≥ 2. 57 

 58 
SUM LABELLING 59 

 60 
In this section, we define some concepts from graph theory that are useful in understanding 61 
the sum labelling of a graph. The concepts on graph labeling in this chapter were obtained 62 
from Galian (2015). 63 
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sum graph. We note that if a vertex, say 𝑥𝑥, is adjacent to another vertex, say 𝑦𝑦, then 𝐿𝐿(𝑥𝑥) 67 
or 𝐿𝐿(𝑦𝑦) cannot be a maximum label; thus, the vertex with the highest label in a sum graph 68 
cannot be adjacent to any other vertex. So, it must be the case that every sum graph must 69 
contain isolated vertices, that is,  𝐺𝐺 = 𝐻𝐻 ∪ 𝐾𝐾𝑟𝑟��� for some 𝑟𝑟 > 0. In a sum graph G, a vertex w 70 
is called a working vertex if there is an edge [𝑢𝑢, 𝑣𝑣] ∈ 𝐸𝐸(𝐺𝐺) such that 𝐿𝐿(𝑤𝑤) =  𝐿𝐿 (𝑢𝑢) +  𝐿𝐿(𝑣𝑣). 71 
For a graph G, the sum number 𝜎𝜎(𝐺𝐺) is the minimum number of isolated vertices that 72 
must be added to G so that the resulting graph is a sum graph. A labelling that makes G 73 
together with 𝜎𝜎(𝐺𝐺) isolated points a sum graph is called an optimal sum graph labelling, 74 
and we say that it is 𝜎𝜎(𝐺𝐺)-optimal. 75 

 76 
In the paper of Dou and Gao (2006), they found a sum labelling scheme for the fan graph 𝐹𝐹3. 77 
They have shown that 𝐹𝐹3 has a sum number that is equal to 3. The fan graph has the set of 78 
vertices 𝑉𝑉(𝐹𝐹3) = {𝑎𝑎𝑖𝑖| 𝑖𝑖 = 1, 2, 3} ∪ {𝑎𝑎} wherein 𝑎𝑎1,𝑎𝑎2 and 𝑎𝑎3 are the rim vertices and c is the 79 
vertex in which 𝑎𝑎1,𝑎𝑎2, and 𝑎𝑎3 are connected. It also has edge set 𝐸𝐸(𝐹𝐹3) = {[𝑎𝑎𝑖𝑖,𝑎𝑎]| 𝑖𝑖 = 1, 2, 3}  ∪80 
{[𝑎𝑎1,𝑎𝑎2], [𝑎𝑎2,𝑎𝑎3] }. To show that the sum number 𝐹𝐹3 is 3, they first defined a map 𝐿𝐿 ∶ 𝑉𝑉(𝐹𝐹3)  →81 
𝑆𝑆 ⊂ ℕ and then labelled the vertices as follows: 82 
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𝐿𝐿(𝑎𝑎) = 𝑐𝑐,  𝐿𝐿(𝑎𝑎1) =  2𝑐𝑐, 𝐿𝐿(𝑎𝑎2) =  1,𝐿𝐿(𝑎𝑎3) =  𝑐𝑐 + 1 where c> 4 84 
 85 
and thus resulting to 3 isolated vertices that are labeled 𝐿𝐿(𝑐𝑐1) = 3𝑐𝑐, 𝐿𝐿(𝑐𝑐2) = 2𝑐𝑐 + 1  and 86 
𝐿𝐿(𝑐𝑐3) = 𝑐𝑐 + 2. The graph in Figure 1 is an example of a sum labelling for 𝐹𝐹3 ∪ 𝐾𝐾3��� with c = 7. 87 

 88 
Figure 1. A sum labelling for 𝐹𝐹3 ∪ 𝐾𝐾3���. 89 
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In the paper by Fernau, Ryan, and Sugeng (2008), they found a sum labelling scheme for 91 
the friendship graph 𝑓𝑓𝑞𝑞,𝑝𝑝. The graph 𝑓𝑓𝑞𝑞,𝑝𝑝 has the set of vertices 𝑉𝑉(𝑓𝑓𝑞𝑞,𝑝𝑝) = {𝑎𝑎𝑖𝑖
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1; j = 1, 2, ...,p} υ {c} and the set of edges 
1; 𝑗𝑗 = 1, 2,⋯ ,𝑝𝑝} ∪ {𝑐𝑐}  and the set of edges 𝐸𝐸(𝑓𝑓𝑞𝑞,𝑝𝑝) = {[𝑐𝑐, 𝑎𝑎1

𝑗𝑗], �𝑐𝑐,𝑎𝑎𝑞𝑞−1
𝑗𝑗 �| 𝑗𝑗 = 1, 2,⋯𝑝𝑝} ∪93 

{[𝑎𝑎𝑤𝑤𝑣𝑣 ,𝑎𝑎𝑤𝑤+1𝑣𝑣+1 ]�𝑣𝑣 = 1, 2,⋯ , 𝑞𝑞 − 2;𝑤𝑤 = 1,2,⋯ ,𝑝𝑝 − 1 }.  94 
 95 

Fernau et al. first defined a map 𝐿𝐿 ∶ 𝑉𝑉(𝑓𝑓𝑞𝑞,𝑝𝑝)  → 𝑆𝑆 ⊂ ℕ to determine the sum number of the 96 
friendship graph. The map or the labelling scheme is defined as follows: 97 

 98 
The scheme for the first petal of the friendship graph 𝑓𝑓5,𝑝𝑝 is  99 

 100 
𝐿𝐿(𝑐𝑐) ≥ 1, 
𝐿𝐿(𝑎𝑎11) ≥ 𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎41) =  𝐿𝐿(𝑎𝑎11)  +  𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎21) =  𝐿𝐿(𝑎𝑎41)  +  𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎31) =  𝐿𝐿(𝑎𝑎11)  +  𝐿𝐿(𝑎𝑎21). 

 101 
The labelling for the subsequent petals (except for the last) follows the scheme 102 

 103 
𝐿𝐿�𝑎𝑎1

𝑝𝑝� =  𝐿𝐿�𝑎𝑎3
𝑝𝑝−1�  +  𝐿𝐿(𝑎𝑎4

𝑝𝑝−1), 
𝐿𝐿�𝑎𝑎2

𝑝𝑝� =  𝐿𝐿�𝑎𝑎1
𝑝𝑝�  +  𝐿𝐿(𝑐𝑐), 

𝐿𝐿�𝑎𝑎3
𝑝𝑝� =  𝐿𝐿�𝑎𝑎1

𝑝𝑝�  +  𝐿𝐿(𝑎𝑎2
𝑝𝑝) , 

𝐿𝐿�𝑎𝑎4
𝑝𝑝� =  𝐿𝐿�𝑎𝑎2

𝑝𝑝�  +  𝐿𝐿�𝑎𝑎3
𝑝𝑝�. 

 104 
This labelling scheme leaves just two isolated vertices to account for the edges adjacent to 105 
the vertex with the highest label�𝑎𝑎4

𝑝𝑝�. The graph in Figure 2 is an example of a sum 106 
labelling for the graph 𝑓𝑓5,4 with 𝐿𝐿(𝑐𝑐) = 1 and 𝐿𝐿(𝑎𝑎11) = 5.  107 

 108 
Figure 2. A sum labelling for the graph 𝑓𝑓5,4. 109 

 110 
Table 1 shows the sum numbers of some well-known graphs. 111 

 112 
Table 1. Summary of the Sum Number of Some Families of Graphs 113 

 114 
SUM LABELLINGS OF SOME GRAPHS 115 

 116 
In this section, we provide a labelling scheme for the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛, 117 
and the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 . Each labelling scheme will provide an upper bound for their 118 
corresponding sum number. Moreover, in this study, all labelling schemes are provided 119 
such that no extra edges will be induced by the labels. 120 

 121 
The tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 is the graph obtained by concatenating a cycle 𝐶𝐶𝑛𝑛 and a path 𝑃𝑃𝑚𝑚 with 122 
an edge. If the vertex set and edge set of 𝐶𝐶𝑛𝑛 and 𝑃𝑃𝑚𝑚 are 123 
 124 

𝑉𝑉(𝐶𝐶𝑛𝑛) = {𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛}, 𝐸𝐸(𝑃𝑃𝑚𝑚 ) = {[𝑥𝑥𝑖𝑖, 𝑥𝑥𝑖𝑖+1]| 𝑖𝑖 = 1, 2,⋯ ,𝑚𝑚− 1 } and 125 
𝑉𝑉(𝑃𝑃𝑚𝑚) = {𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑚𝑚}, 𝐸𝐸(𝐶𝐶𝑛𝑛 ) = {�𝑦𝑦𝑗𝑗,𝑦𝑦𝑗𝑗+1�| 𝑗𝑗 =  1, 2,⋯ ,𝑛𝑛 − 1} ∪ {[𝑦𝑦1,𝑦𝑦𝑛𝑛]}, 126 

 127 
then the vertex set and edge set of a tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚  are, respectively, 128 
 129 
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Table 1 shows the sum numbers of some well-known graphs.

Table 1. Summary of the Sum Number of Some Families of Graphs

Graph Family G σ(G) Reference
Cocktail party graph H2,n, n ≥ 2 4n – 5 Miller, Ryan, & Smyth (1998)

Complete graph Kn,n ≥ 4 2n – 3 Bergstrand (1989)
Cycle Cn,n ≥ 3, n ≠ 4 2 Harary (1990)

Cycle C4 3 Harary (1990)
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Fan Fn, n = 3 or n ≥ 6 and n even 3 Dou & Gao (2006)
Fan Fn, n ≥ 5 and n odd 4 Dou & Gao (2006)
Friendship fq,p,q ≠ 4 or 5 2 Fernau, Ryan, & Sugeng (2008)

Tadpole T3,m 1 Harary (1990)
Even wheel Wn, n ≥ 4, n even n/2 + 2 Hartsfield & Smyth (1995)

Miller, Ryan, Slamin & Smyth 
(1998)

Odd wheel Wn, n ≥ 5, n odd n Hartsfield & Smyth (1995)
Miller, Ryan, Slamin & Smyth 

(1998)
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 141 
Figure 4. The graph 𝑆𝑆4𝐶𝐶5. 142 

 143 
Consider a cycle 𝐶𝐶𝑛𝑛,𝑛𝑛 ≥ 3 and n copies of 𝑃𝑃𝑘𝑘 ,𝑘𝑘 ≥ 1 where 𝑃𝑃1 is an isolated vertex. The crown 144 
graph 𝐶𝐶𝑛𝑛𝑘𝑘 is the graph obtained by concatenating a copy of 𝑃𝑃𝑘𝑘 to every vertex in the cycle. 145 
The vertex set of the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘  is given by  𝑉𝑉�𝐶𝐶𝑛𝑛𝑘𝑘� = �𝑥𝑥1, 𝑥𝑥2, ⋯ , 𝑥𝑥𝑛𝑛� ∪ �𝑦𝑦𝑖𝑖,𝑗𝑗�𝑖𝑖 =146 
1, 2,⋯ , 𝑛𝑛; 𝑗𝑗 = 1 , 2,⋯ ,𝑘𝑘}, and the edge set is given by  𝐸𝐸(𝐶𝐶𝑛𝑛𝑘𝑘) = {[𝑥𝑥𝑙𝑙, 𝑥𝑥𝑙𝑙+1]| 𝑙𝑙 = 1, 2,⋯ ,𝑛𝑛 − 1 } ∪147 
{[𝑥𝑥1, 𝑥𝑥𝑛𝑛]} ∪ �[𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖,1�| 𝑖𝑖 = 1, 2,⋯ ,𝑛𝑛 } ∪ {�𝑦𝑦𝑖𝑖,𝑝𝑝,𝑦𝑦𝑖𝑖,𝑝𝑝+1�| 𝑝𝑝 =  1, 2,⋯ ,𝑘𝑘 − 2}. 148 

 149 
For instance, the graph in Figure 5 is an example of a crown graph. 150 
 151 

Figure 5. The graph 𝐶𝐶82. 152 
 153 

The following theorem is a well-known lower bound for the sum number of a graph. Thus, if 154 
a labelling scheme can be constructed such that the lower bound is attained, then an 155 
optimal sum labelling is achieved. 156 

 157 
Theorem 1. (Jahvaid, Ahmad, & Imran, 2014) A lower bound for the sum number of a 158 
connected graph G is the minimum degree δ of a vertex in the graph. In case δ(G)  =  σ(G), 159 
the graph is called to be a 𝛅𝛅-optimal summable graph. 160 
 161 

 162 
Theorem 2. The sum number of a tadpole graph Tn,m where  n ≥ 4 and m ≥ 1 is at most 2, 163 
that is, σ�Tn,m� ≤ 2. 164 
 165 
Proof. To show that the sum number of the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 is at most 2, we only need to 166 
find a labelling such that the sum number is 2. 167 
 168 
Consider the labelling 𝐿𝐿:𝑉𝑉(𝑇𝑇𝑛𝑛,𝑚𝑚) → 𝑆𝑆 ⊂ ℕ defined as follows: First, label vertices 𝑥𝑥1 and 𝑥𝑥2 as 169 
𝐿𝐿(𝑥𝑥1) = 𝑎𝑎 and 𝐿𝐿(𝑥𝑥2) = 𝑏𝑏 where 𝑎𝑎 and 𝑏𝑏 are any positive integers such that 𝑏𝑏 > 𝑎𝑎. Then for 170 
every remaining 𝑥𝑥𝑖𝑖 vertices where 𝑖𝑖 = 3,4, … ,𝑚𝑚, we can label it such that 𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) +171 
𝐿𝐿(𝑥𝑥𝑖𝑖−2). After labelling the 𝑥𝑥 vertices, we now label the 𝑦𝑦 vertices. We first label the vertices 172 
𝑦𝑦1  and 𝑦𝑦2  as 𝐿𝐿(𝑦𝑦1) = 𝐿𝐿(𝑥𝑥𝑚𝑚) + 𝐿𝐿(𝑥𝑥𝑚𝑚−1)  and 𝐿𝐿(𝑦𝑦2) = 𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑥𝑥𝑚𝑚) . We then label the 173 
remaining 𝑦𝑦𝑗𝑗 vertices where 𝑗𝑗 = 3,4, … ,𝑛𝑛 as 𝐿𝐿�𝑥𝑥𝑗𝑗� = 𝐿𝐿�𝑥𝑥𝑗𝑗−1� + 𝐿𝐿(𝑥𝑥𝑗𝑗−2). Note that every vertex 174 

Comment [LJA4]: Insert figure. 

Comment [LJA5]: Insert figure. 

Comment [LJA6]: Insert figure 

Formatted: Font: Not Italic

For instance, the graph in Figure 3 is an 
example of a tadpole graph.

 348 
Figure 3. The graph 𝑇𝑇6,5 . 349 

 350 

 351 
Figure 4. The graph 𝑆𝑆4𝐶𝐶5. 352 

Figure 3. The graph .

The graph SmCn  is the graph obtained by 
concatenating m isolated vertices to a single 
vertex in the Cn . Its vertex set is V(SmCn) = {xi, 
yj|i = 1, 2, ..., m ; j = 1, 2, ..., n} and the set of 
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yj+1]| j = 1, 2, ..., n –} ∪  {[y1, yn]}.
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Fernau et al. first defined a map 𝐿𝐿 ∶ 𝑉𝑉(𝑓𝑓𝑞𝑞,𝑝𝑝)  → 𝑆𝑆 ⊂ ℕ to determine the sum number of the 96 
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the vertex with the highest label�𝑎𝑎4

𝑝𝑝�. The graph in Figure 2 is an example of a sum 106 
labelling for the graph 𝑓𝑓5,4 with 𝐿𝐿(𝑐𝑐) = 1 and 𝐿𝐿(𝑎𝑎11) = 5.  107 
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Fernau et al. first defined a map 𝐿𝐿 ∶ 𝑉𝑉(𝑓𝑓𝑞𝑞,𝑝𝑝)  → 𝑆𝑆 ⊂ ℕ to determine the sum number of the 96 
friendship graph. The map or the labelling scheme is defined as follows: 97 

 98 
The scheme for the first petal of the friendship graph 𝑓𝑓5,𝑝𝑝 is  99 

 100 
𝐿𝐿(𝑐𝑐) ≥ 1, 
𝐿𝐿(𝑎𝑎11) ≥ 𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎41) =  𝐿𝐿(𝑎𝑎11)  +  𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎21) =  𝐿𝐿(𝑎𝑎41)  +  𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎31) =  𝐿𝐿(𝑎𝑎11)  +  𝐿𝐿(𝑎𝑎21). 

 101 
The labelling for the subsequent petals (except for the last) follows the scheme 102 

 103 
𝐿𝐿�𝑎𝑎1

𝑝𝑝� =  𝐿𝐿�𝑎𝑎3
𝑝𝑝−1�  +  𝐿𝐿(𝑎𝑎4

𝑝𝑝−1), 
𝐿𝐿�𝑎𝑎2

𝑝𝑝� =  𝐿𝐿�𝑎𝑎1
𝑝𝑝�  +  𝐿𝐿(𝑐𝑐), 

𝐿𝐿�𝑎𝑎3
𝑝𝑝� =  𝐿𝐿�𝑎𝑎1

𝑝𝑝�  +  𝐿𝐿(𝑎𝑎2
𝑝𝑝) , 

𝐿𝐿�𝑎𝑎4
𝑝𝑝� =  𝐿𝐿�𝑎𝑎2

𝑝𝑝�  +  𝐿𝐿�𝑎𝑎3
𝑝𝑝�. 

 104 
This labelling scheme leaves just two isolated vertices to account for the edges adjacent to 105 
the vertex with the highest label�𝑎𝑎4

𝑝𝑝�. The graph in Figure 2 is an example of a sum 106 
labelling for the graph 𝑓𝑓5,4 with 𝐿𝐿(𝑐𝑐) = 1 and 𝐿𝐿(𝑎𝑎11) = 5.  107 

 108 
Figure 2. A sum labelling for the graph 𝑓𝑓5,4. 109 

 110 
Table 1 shows the sum numbers of some well-known graphs. 111 

 112 
Table 1. Summary of the Sum Number of Some Families of Graphs 113 

 114 
SUM LABELLINGS OF SOME GRAPHS 115 

 116 
In this section, we provide a labelling scheme for the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛, 117 
and the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 . Each labelling scheme will provide an upper bound for their 118 
corresponding sum number. Moreover, in this study, all labelling schemes are provided 119 
such that no extra edges will be induced by the labels. 120 

 121 
The tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 is the graph obtained by concatenating a cycle 𝐶𝐶𝑛𝑛 and a path 𝑃𝑃𝑚𝑚 with 122 
an edge. If the vertex set and edge set of 𝐶𝐶𝑛𝑛 and 𝑃𝑃𝑚𝑚 are 123 
 124 

𝑉𝑉(𝐶𝐶𝑛𝑛) = {𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛}, 𝐸𝐸(𝑃𝑃𝑚𝑚 ) = {[𝑥𝑥𝑖𝑖, 𝑥𝑥𝑖𝑖+1]| 𝑖𝑖 = 1, 2,⋯ ,𝑚𝑚− 1 } and 125 
𝑉𝑉(𝑃𝑃𝑚𝑚) = {𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑚𝑚}, 𝐸𝐸(𝐶𝐶𝑛𝑛 ) = {�𝑦𝑦𝑗𝑗,𝑦𝑦𝑗𝑗+1�| 𝑗𝑗 =  1, 2,⋯ ,𝑛𝑛 − 1} ∪ {[𝑦𝑦1,𝑦𝑦𝑛𝑛]}, 126 

 127 
then the vertex set and edge set of a tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚  are, respectively, 128 
 129 
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) = {[xl, xl+1]| l = 1, 2, ..., n – 1} ∪ {[x1, xn]} 
∪ .{[xi, yi,1]| i = 1, 2, ..., n} ∪ {[yi,p, yi,p+1]| p = 1, 
2, ..., k – 2}.

 348 
Figure 3. The graph 𝑇𝑇6,5 . 349 

 350 

 351 
Figure 4. The graph 𝑆𝑆4𝐶𝐶5. 352 Figure 4. The graph S4 C5.

For instance, the graph in Figure 5 is an 
example of a crown graph.

The following theorem is a well-known lower 
bound for the sum number of a graph. Thus, 
if a labelling scheme can be constructed such 
that the lower bound is attained, then an 
optimal sum labelling is achieved.

Theorem 1. (Jahvaid, Ahmad, & Imran, 
2014) A lower bound for the sum number of a 
connected graph G is the minimum degree δ of 
a vertex in the graph. In case δ(G) = σ(G), the 
graph is called to be a δ-optimal summable 
graph.
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 353 
Figure 5. The graph 𝐶𝐶82. 354 

 355 
 356 

 357 

 358 
Figure 6. A sum labelling for 𝑇𝑇4,2. 359 
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Figure 5. The graph 
 353 

Figure 5. The graph 𝐶𝐶82. 354 
 355 

 356 
 357 

 358 
Figure 6. A sum labelling for 𝑇𝑇4,2. 359 

 360 

Theorem 2. The sum number of a tadpole 
graph Tn,m where n ≥ 4 and  m ≥ 1 is at most 2, 
that is, σ(Tn,m) ≤ 2.

Proof. To show that the sum number of the 
tadpole graph Tn,m  is at most 2, we only need to 
find a labelling such that the sum number is 2.

Consider the labelling 

𝑉𝑉�𝑇𝑇𝑛𝑛,𝑚𝑚 � = {𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑚𝑚,𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛} and 130 
𝐸𝐸�𝑇𝑇𝑛𝑛,𝑚𝑚 � = {[𝑥𝑥𝑖𝑖, 𝑥𝑥𝑖𝑖+1]| 𝑖𝑖 = 1, 2,⋯ ,𝑚𝑚 − 1 } ∪ {[𝑥𝑥𝑚𝑚,𝑦𝑦1]} ∪ {�𝑦𝑦𝑗𝑗,𝑦𝑦𝑗𝑗+1�| 𝑗𝑗 =  1, 2,⋯ ,𝑛𝑛 − 1}∪ {[𝑦𝑦1,𝑦𝑦𝑛𝑛]}. 

 131 
For instance, the graph in Figure 3 is an example of a tadpole graph. 132 

 133 
Figure 3. The graph 𝑇𝑇6,5 . 134 

 135 
The graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛 is the graph obtained by concatenating m isolated vertices to a single 136 
vertex in the 𝐶𝐶𝑛𝑛. Its vertex set is 𝑉𝑉(𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛) = �𝑥𝑥𝑖𝑖,𝑦𝑦𝑗𝑗�𝑖𝑖 = 1, 2,⋯ ,𝑚𝑚 ; 𝑗𝑗 = 1, 2,⋯ ,𝑛𝑛}  and the set of 137 
edges 𝐸𝐸(𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛) = {[𝑥𝑥𝑖𝑖,𝑦𝑦1]| 𝑖𝑖 = 1, 2,⋯ ,𝑚𝑚 } ∪ {�𝑦𝑦𝑗𝑗,𝑦𝑦𝑗𝑗+1�| 𝑗𝑗 =  1, 2,⋯ ,𝑛𝑛 − 1} ∪ {[𝑦𝑦1,𝑦𝑦𝑛𝑛]}.  138 

 139 
For instance, the graph in Figure 4 is 𝑆𝑆4𝐶𝐶5. 140 

 141 
Figure 4. The graph 𝑆𝑆4𝐶𝐶5. 142 

 143 
Consider a cycle 𝐶𝐶𝑛𝑛,𝑛𝑛 ≥ 3 and n copies of 𝑃𝑃𝑘𝑘 ,𝑘𝑘 ≥ 1 where 𝑃𝑃1 is an isolated vertex. The crown 144 
graph 𝐶𝐶𝑛𝑛𝑘𝑘 is the graph obtained by concatenating a copy of 𝑃𝑃𝑘𝑘 to every vertex in the cycle. 145 
The vertex set of the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘  is given by  𝑉𝑉�𝐶𝐶𝑛𝑛𝑘𝑘� = �𝑥𝑥1, 𝑥𝑥2, ⋯ , 𝑥𝑥𝑛𝑛� ∪ �𝑦𝑦𝑖𝑖,𝑗𝑗�𝑖𝑖 =146 
1, 2,⋯ , 𝑛𝑛; 𝑗𝑗 = 1 , 2,⋯ ,𝑘𝑘}, and the edge set is given by  𝐸𝐸(𝐶𝐶𝑛𝑛𝑘𝑘) = {[𝑥𝑥𝑙𝑙, 𝑥𝑥𝑙𝑙+1]| 𝑙𝑙 = 1, 2,⋯ ,𝑛𝑛 − 1 } ∪147 
{[𝑥𝑥1, 𝑥𝑥𝑛𝑛]} ∪ �[𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖,1�| 𝑖𝑖 = 1, 2,⋯ ,𝑛𝑛 } ∪ {�𝑦𝑦𝑖𝑖,𝑝𝑝,𝑦𝑦𝑖𝑖,𝑝𝑝+1�| 𝑝𝑝 =  1, 2,⋯ ,𝑘𝑘 − 2}. 148 

 149 
For instance, the graph in Figure 5 is an example of a crown graph. 150 
 151 

Figure 5. The graph 𝐶𝐶82. 152 
 153 

The following theorem is a well-known lower bound for the sum number of a graph. Thus, if 154 
a labelling scheme can be constructed such that the lower bound is attained, then an 155 
optimal sum labelling is achieved. 156 

 157 
Theorem 1. (Jahvaid, Ahmad, & Imran, 2014) A lower bound for the sum number of a 158 
connected graph G is the minimum degree δ of a vertex in the graph. In case δ(G)  =  σ(G), 159 
the graph is called to be a 𝛅𝛅-optimal summable graph. 160 
 161 

 162 
Theorem 2. The sum number of a tadpole graph Tn,m where  n ≥ 4 and m ≥ 1 is at most 2, 163 
that is, σ�Tn,m� ≤ 2. 164 
 165 
Proof. To show that the sum number of the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 is at most 2, we only need to 166 
find a labelling such that the sum number is 2. 167 
 168 
Consider the labelling 𝐿𝐿:𝑉𝑉(𝑇𝑇𝑛𝑛,𝑚𝑚) → 𝑆𝑆 ⊂ ℕ defined as follows: First, label vertices 𝑥𝑥1 and 𝑥𝑥2 as 169 
𝐿𝐿(𝑥𝑥1) = 𝑎𝑎 and 𝐿𝐿(𝑥𝑥2) = 𝑏𝑏 where 𝑎𝑎 and 𝑏𝑏 are any positive integers such that 𝑏𝑏 > 𝑎𝑎. Then for 170 
every remaining 𝑥𝑥𝑖𝑖 vertices where 𝑖𝑖 = 3,4, … ,𝑚𝑚, we can label it such that 𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) +171 
𝐿𝐿(𝑥𝑥𝑖𝑖−2). After labelling the 𝑥𝑥 vertices, we now label the 𝑦𝑦 vertices. We first label the vertices 172 
𝑦𝑦1  and 𝑦𝑦2  as 𝐿𝐿(𝑦𝑦1) = 𝐿𝐿(𝑥𝑥𝑚𝑚) + 𝐿𝐿(𝑥𝑥𝑚𝑚−1)  and 𝐿𝐿(𝑦𝑦2) = 𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑥𝑥𝑚𝑚) . We then label the 173 
remaining 𝑦𝑦𝑗𝑗 vertices where 𝑗𝑗 = 3,4, … ,𝑛𝑛 as 𝐿𝐿�𝑥𝑥𝑗𝑗� = 𝐿𝐿�𝑥𝑥𝑗𝑗−1� + 𝐿𝐿(𝑥𝑥𝑗𝑗−2). Note that every vertex 174 
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defined as follows: First, label vertices x1  and 
x2  as L(x1) = a L(x2) = b where a and b are 
any positive integers such that b > a. Then 
for every remaining xi vertices where i = 3,4, 
..., m, we can label it such that L(xi) = L(xi–1) + 
L(xi–2) . After labelling the x vertices, we now 
label the y vertices. We first label the vertices  
y1 and y2 as  L(y1) = L(xm) + L(xm–1) and L(y2) 
= L(y1) + L(xm). We then label the remaining  
yj vertices where j = 3,4, ..., n as L(xj) = L(xj–1) 
+ L(xj–2) . Note that every vertex is a working 
vertex except for the two vertices with the 
smallest labelling. This results to isolated 
vertices L(z1) = L(y1) + L(yn) and L(z2) = L(yn) 
+ L(yn–1) . ■

The graph of T4,2 in Figure 6 shows the sum 
labelling scheme that indicates at most  2 
isolated vertices where a = 10  and b = 17.

 353 
Figure 5. The graph 𝐶𝐶82. 354 

 355 
 356 

 357 

 358 
Figure 6. A sum labelling for 𝑇𝑇4,2. 359 

 360 Figure 6. A sum labelling for T4,2 .

Theorem 3. The sum number of the graph  
SmCn is at most 2 where m and n are positive 
integers and n ≥ 3 , that is, σ(SmCn) ≤ 2.

Proof. If m = 1 and n ≥ 4, the graph S1Cn is the 
tadpole graph Tn,1, then σ(S1Cn) ≤ 2.

We now consider when m > 1 and for n ≥ 4. To 
show that the sum number of a graph SmCn  is 
at most , we only need to find a sum labelling 
such that there are only two isolated vertices 
needed.

Consider the labelling

is a working vertex except for the two vertices with the smallest labelling. This results to 175 
isolated vertices 𝐿𝐿(𝑧𝑧1) = 𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑦𝑦𝑛𝑛) and 𝐿𝐿(𝑧𝑧2) = 𝐿𝐿(𝑦𝑦𝑛𝑛) + 𝐿𝐿(𝑦𝑦𝑛𝑛−1). ■ 176 
 177 
The graph of 𝑇𝑇4,2 in Figure 6 shows the sum labelling scheme that indicates at most 2 178 
isolated vertices where 𝑎𝑎 = 10 and 𝑏𝑏 = 17. 179 

 180 
Figure 6. A sum labelling for 𝑇𝑇4,2. 181 

 182 
Theorem 3. The sum number of the graph SmCn is at most 2 where m and n are positive 183 
integers and n ≥ 3, that is, σ(SmCn) ≤ 2. 184 
 185 
Proof. If 𝑚𝑚 = 1 and 𝑛𝑛 ≥ 4, the graph 𝑆𝑆1𝐶𝐶𝑛𝑛 is the tadpole graph 𝑇𝑇𝑛𝑛,1, then 𝜎𝜎(𝑆𝑆1𝐶𝐶𝑛𝑛) ≤ 2. 186 
 187 
We now consider when 𝑚𝑚 > 1 and for 𝑛𝑛 ≥ 4. To show that the sum number of a graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛 188 
is at most 2, we only need to find a sum labelling such that there are only two isolated 189 
vertices needed. 190 

 191 
Consider the labelling 𝐿𝐿:𝑉𝑉(𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛) → 𝑆𝑆 ⊂ ℕ defined as follows: First, label vertices 𝑦𝑦1 and 𝑥𝑥1 192 
as 𝐿𝐿(𝑦𝑦1) = 𝑎𝑎 and 𝐿𝐿(𝑥𝑥1) = 𝑏𝑏 , where 𝑎𝑎 and 𝑏𝑏 are any positive integers such that 𝑎𝑎 > 𝑏𝑏. We 193 
then label the remaining 𝑥𝑥𝑖𝑖  vertices where 𝑖𝑖 = 2,3, …𝑚𝑚  as 𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑦𝑦1) . After 194 
labelling the 𝑥𝑥  vertices, we now label the 𝑦𝑦 vertices. We first label vertex 𝑦𝑦2  as 𝐿𝐿(𝑦𝑦2) =195 
𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑥𝑥𝑚𝑚).  The remaining 𝑦𝑦𝑗𝑗  vertices where 𝑗𝑗 = 3,4, … ,𝑛𝑛  can be labelled as 𝐿𝐿�𝑦𝑦𝑗𝑗� =196 
𝐿𝐿�𝑦𝑦𝑗𝑗−1� + 𝐿𝐿(𝑦𝑦𝑗𝑗−2). Note that every vertex is a working vertex except for the two vertices with 197 
the smallest labelling. This results in isolated vertices 𝐿𝐿(𝑧𝑧1) = 𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑦𝑦𝑛𝑛) and 𝐿𝐿(𝑧𝑧2) =198 
𝐿𝐿(𝑦𝑦𝑛𝑛) + 𝐿𝐿(𝑦𝑦𝑛𝑛−1). It is easy to check that labelling scheme provided no extra edges will be 199 
induced by the labels. ■ 200 

 201 
The graph of 𝑆𝑆3𝐶𝐶6in Figure 7 shows the sum labelling scheme that indicates at most 2 202 
isolated vertices where 𝑎𝑎 = 7 and 𝑏𝑏 = 4. 203 

 204 
Figure 7. A sum labelling for 𝑆𝑆3𝐶𝐶6. 205 

 206 
Lemma 1. The crown graph Cnk, is 1-optimal where n ≥ 3 and k ≥ 1, where k is an integer 207 
and n is an odd integer. 208 
 209 
Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 210 
Thus, from Theorem 1 its sum number is bounded below by 1. Now to show that the sum 211 
number of the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 is 1, it is sufficient to a provide a labelling scheme that 212 
produces one isolated vertex.  213 
 214 
Let 𝑛𝑛  be an odd integer greater than or equal to 3 and 𝑘𝑘 ∈ 𝛧𝛧+ .Consider the labelling 215 
𝐿𝐿:𝑉𝑉(𝐶𝐶𝑛𝑛𝑘𝑘) → 𝑆𝑆 ⊂ ℕ defined as follows: Let 𝑎𝑎 be any positive integer and consider the labelling 216 
 217 

𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 218 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 219 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 220 
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defined as follows: First, label vertices y1 and 
x1 as L(y1) = a and L(x1) = b, where a and  b are 
any positive integers such that a > b. We then 
label the remaining xi vertices where i = 2,3, 
... m as L(xi) = L(xi–1) + L(y1). After labelling 
the x vertices, we now label the y vertices. We 
first label vertex y2 as L(y2) = L(y1) + L(xm) The 
remaining yj vertices where  j = 3,4, ..., n can 
be labelled as L(yj) = L(yj–1) + L(yj–2). Note that 
every vertex is a working vertex except for the 
two vertices with the smallest labelling. This 
results in isolated vertices L(z1) = L(y1) + L(yn) 
and L(z2) = L(yn) + L(yn–1). It is easy to check 
that labelling scheme provided no extra edges 
will be induced by the labels. ■
The graph of S3C6 in Figure 7 shows the sum 
labelling scheme that indicates at most  2 
isolated vertices where a = 7 and b = 4 .
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 361 
Figure 7. A sum labelling for 𝑆𝑆3𝐶𝐶6. 362 

 363 

 364 
Figure 8: A 1-optimal sum labelling for 𝐶𝐶72. 365 

Figure 7. A sum labelling for S3C6 .

Lemma 1. The crown graph 

1; 𝑗𝑗 = 1, 2,⋯ ,𝑝𝑝} ∪ {𝑐𝑐}  and the set of edges 𝐸𝐸(𝑓𝑓𝑞𝑞,𝑝𝑝) = {[𝑐𝑐, 𝑎𝑎1
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 is 1, it is sufficient to a 
provide a labelling scheme that produces one 
isolated vertex. 

Let n be an odd integer greater than or 
equal to 3 and k ∈ Z+. Consider the labelling
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 220 
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  defined as follows: Let a be 
any positive integer and consider the labelling

is a working vertex except for the two vertices with the smallest labelling. This results to 175 
isolated vertices 𝐿𝐿(𝑧𝑧1) = 𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑦𝑦𝑛𝑛) and 𝐿𝐿(𝑧𝑧2) = 𝐿𝐿(𝑦𝑦𝑛𝑛) + 𝐿𝐿(𝑦𝑦𝑛𝑛−1). ■ 176 
 177 
The graph of 𝑇𝑇4,2 in Figure 6 shows the sum labelling scheme that indicates at most 2 178 
isolated vertices where 𝑎𝑎 = 10 and 𝑏𝑏 = 17. 179 

 180 
Figure 6. A sum labelling for 𝑇𝑇4,2. 181 

 182 
Theorem 3. The sum number of the graph SmCn is at most 2 where m and n are positive 183 
integers and n ≥ 3, that is, σ(SmCn) ≤ 2. 184 
 185 
Proof. If 𝑚𝑚 = 1 and 𝑛𝑛 ≥ 4, the graph 𝑆𝑆1𝐶𝐶𝑛𝑛 is the tadpole graph 𝑇𝑇𝑛𝑛,1, then 𝜎𝜎(𝑆𝑆1𝐶𝐶𝑛𝑛) ≤ 2. 186 
 187 
We now consider when 𝑚𝑚 > 1 and for 𝑛𝑛 ≥ 4. To show that the sum number of a graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛 188 
is at most 2, we only need to find a sum labelling such that there are only two isolated 189 
vertices needed. 190 

 191 
Consider the labelling 𝐿𝐿:𝑉𝑉(𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛) → 𝑆𝑆 ⊂ ℕ defined as follows: First, label vertices 𝑦𝑦1 and 𝑥𝑥1 192 
as 𝐿𝐿(𝑦𝑦1) = 𝑎𝑎 and 𝐿𝐿(𝑥𝑥1) = 𝑏𝑏 , where 𝑎𝑎 and 𝑏𝑏 are any positive integers such that 𝑎𝑎 > 𝑏𝑏. We 193 
then label the remaining 𝑥𝑥𝑖𝑖  vertices where 𝑖𝑖 = 2,3, …𝑚𝑚  as 𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑦𝑦1) . After 194 
labelling the 𝑥𝑥  vertices, we now label the 𝑦𝑦 vertices. We first label vertex 𝑦𝑦2  as 𝐿𝐿(𝑦𝑦2) =195 
𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑥𝑥𝑚𝑚).  The remaining 𝑦𝑦𝑗𝑗  vertices where 𝑗𝑗 = 3,4, … ,𝑛𝑛  can be labelled as 𝐿𝐿�𝑦𝑦𝑗𝑗� =196 
𝐿𝐿�𝑦𝑦𝑗𝑗−1� + 𝐿𝐿(𝑦𝑦𝑗𝑗−2). Note that every vertex is a working vertex except for the two vertices with 197 
the smallest labelling. This results in isolated vertices 𝐿𝐿(𝑧𝑧1) = 𝐿𝐿(𝑦𝑦1) + 𝐿𝐿(𝑦𝑦𝑛𝑛) and 𝐿𝐿(𝑧𝑧2) =198 
𝐿𝐿(𝑦𝑦𝑛𝑛) + 𝐿𝐿(𝑦𝑦𝑛𝑛−1). It is easy to check that labelling scheme provided no extra edges will be 199 
induced by the labels. ■ 200 

 201 
The graph of 𝑆𝑆3𝐶𝐶6in Figure 7 shows the sum labelling scheme that indicates at most 2 202 
isolated vertices where 𝑎𝑎 = 7 and 𝑏𝑏 = 4. 203 

 204 
Figure 7. A sum labelling for 𝑆𝑆3𝐶𝐶6. 205 

 206 
Lemma 1. The crown graph Cnk, is 1-optimal where n ≥ 3 and k ≥ 1, where k is an integer 207 
and n is an odd integer. 208 
 209 
Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 210 
Thus, from Theorem 1 its sum number is bounded below by 1. Now to show that the sum 211 
number of the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 is 1, it is sufficient to a provide a labelling scheme that 212 
produces one isolated vertex.  213 
 214 
Let 𝑛𝑛  be an odd integer greater than or equal to 3 and 𝑘𝑘 ∈ 𝛧𝛧+ .Consider the labelling 215 
𝐿𝐿:𝑉𝑉(𝐶𝐶𝑛𝑛𝑘𝑘) → 𝑆𝑆 ⊂ ℕ defined as follows: Let 𝑎𝑎 be any positive integer and consider the labelling 216 
 217 

𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 218 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 219 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 220 
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After labelling vertices of the cycle, we then 
proceed on labelling the vertices of the path. 
We first label the vertices yi,1 where i = 1,2, ..., 
n  as follows:

After labelling vertices of the cycle, we then proceed on labelling the vertices of the path. 221 
We first label the vertices 𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 222 
 223 

𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 
           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 

⋮ 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 

𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
𝐿𝐿�𝑦𝑦4,1� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−5,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−5), 

 224 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 225 

 226 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 227 
We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 228 
 229 

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,3�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�,      
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 230 
We then label the vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘 as follows: 231 
 232 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 233 
Note that every vertex is a working vertex except for the two vertices with the smallest 234 
labelling. This labelling will result in one isolated vertex with labelling 235 

 236 
𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘� + 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�. 

 237 
It is easy to check that labelling scheme provided no extra edges will be induced by the 238 
labels.■ 239 

 240 
Remark 1. By using the sum labelling scheme stated above, then 241 
 242 

We then label the vertices yi,2 where i = 1,2, 
..., n  as follows:

After labelling vertices of the cycle, we then proceed on labelling the vertices of the path. 221 
We first label the vertices 𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 222 
 223 

𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 
           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 

⋮ 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 

𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
𝐿𝐿�𝑦𝑦4,1� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−5,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−5), 

 224 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 225 

 226 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 227 
We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 228 
 229 

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,3�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�,      
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 230 
We then label the vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘 as follows: 231 
 232 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 233 
Note that every vertex is a working vertex except for the two vertices with the smallest 234 
labelling. This labelling will result in one isolated vertex with labelling 235 

 236 
𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘� + 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�. 

 237 
It is easy to check that labelling scheme provided no extra edges will be induced by the 238 
labels.■ 239 

 240 
Remark 1. By using the sum labelling scheme stated above, then 241 
 242 

We then label the vertices yi,3 where i = 1,2, 
..., n  as follows:

After labelling vertices of the cycle, we then proceed on labelling the vertices of the path. 221 
We first label the vertices 𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 222 
 223 

𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 
           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 

⋮ 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 

𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
𝐿𝐿�𝑦𝑦4,1� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−5,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−5), 

 224 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 225 

 226 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 227 
We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 228 
 229 

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,3�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�,      
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 230 
We then label the vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘 as follows: 231 
 232 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 233 
Note that every vertex is a working vertex except for the two vertices with the smallest 234 
labelling. This labelling will result in one isolated vertex with labelling 235 

 236 
𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘� + 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�. 

 237 
It is easy to check that labelling scheme provided no extra edges will be induced by the 238 
labels.■ 239 

 240 
Remark 1. By using the sum labelling scheme stated above, then 241 
 242 

We then label the vertices yi,λ where i =1,2, 
..., n and λ = 4,5, ... k  as follows:

After labelling vertices of the cycle, we then proceed on labelling the vertices of the path. 221 
We first label the vertices 𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 222 
 223 

𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 
           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 

⋮ 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 

𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
𝐿𝐿�𝑦𝑦4,1� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−5,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−5), 

 224 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 225 

 226 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 227 
We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 228 
 229 

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,3�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�,      
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 230 
We then label the vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘 as follows: 231 
 232 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 233 
Note that every vertex is a working vertex except for the two vertices with the smallest 234 
labelling. This labelling will result in one isolated vertex with labelling 235 

 236 
𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘� + 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�. 

 237 
It is easy to check that labelling scheme provided no extra edges will be induced by the 238 
labels.■ 239 

 240 
Remark 1. By using the sum labelling scheme stated above, then 241 
 242 

Note that every vertex is a working vertex 
except for the two vertices with the smallest 
labelling. This labelling will result in one 
isolated vertex with labelling

After labelling vertices of the cycle, we then proceed on labelling the vertices of the path. 221 
We first label the vertices 𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 222 
 223 

𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 
           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 

⋮ 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 

𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
𝐿𝐿�𝑦𝑦4,1� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−5,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−5), 

 224 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 225 

 226 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 227 
We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 228 
 229 

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,3�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�,      
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 230 
We then label the vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘 as follows: 231 
 232 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 233 
Note that every vertex is a working vertex except for the two vertices with the smallest 234 
labelling. This labelling will result in one isolated vertex with labelling 235 

 236 
𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘� + 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�. 

 237 
It is easy to check that labelling scheme provided no extra edges will be induced by the 238 
labels.■ 239 

 240 
Remark 1. By using the sum labelling scheme stated above, then 241 
 242 
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It is easy to check that labelling scheme 
provided no extra edges will be induced by 
the labels.■

Remark 1. By using the sum labelling scheme 
stated above, then

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1). 
 243 

The graph of 𝐶𝐶72 in Figure 8 shows the sum labelling scheme that indicates at most 1 244 
isolated vertex where 𝑎𝑎 = 1. 245 

 246 
Figure 8. A 1-optimal sum labelling for 𝐶𝐶72. 247 

 248 
Lemma 2. The crown graph Cnk, is 1-optimal where n ≥ 4 and k ≥ 1, where k is an integer 249 
and n is an even integer. 250 
 251 
Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 252 
Thus, from Theorem 1 its sum number is bounded below by 1. Similar to the proof of 253 
Lemma 3, we only need to provide a labelling scheme that produces one isolated vertex.  254 
 255 
Let 𝑛𝑛  be an even integer greater than or equal to 4  and 𝑘𝑘 ∈ 𝛧𝛧+.  Consider the labelling 256 
𝐿𝐿:𝑉𝑉(𝐶𝐶𝑛𝑛𝑘𝑘) → 𝑆𝑆 ⊂ ℕ defined as follows: Let 𝑎𝑎 be any positive integer and consider the labelling 257 
 258 

𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 259 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 260 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 261 
After labelling the cycle, we then proceed on labelling the paths. We first label the vertices 262 
𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 263 
 264 

𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 

           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 
𝐿𝐿�𝑦𝑦𝑛𝑛−6,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−4), 

⋮ 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦4,1� + 𝐿𝐿(𝑥𝑥4), 

   𝐿𝐿�𝑦𝑦3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
     𝐿𝐿�𝑦𝑦5,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 
𝐿𝐿�𝑦𝑦7,1� = 𝐿𝐿�𝑦𝑦5,1� + 𝐿𝐿(𝑥𝑥5), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 

 265 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 266 

 267 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 268 

We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 269 
 270 

Comment [LJA9]: “Figure 10” was changed to 
“Figure 8.” Please check. 

The graph 

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1). 
 243 

The graph of 𝐶𝐶72 in Figure 8 shows the sum labelling scheme that indicates at most 1 244 
isolated vertex where 𝑎𝑎 = 1. 245 

 246 
Figure 8. A 1-optimal sum labelling for 𝐶𝐶72. 247 

 248 
Lemma 2. The crown graph Cnk, is 1-optimal where n ≥ 4 and k ≥ 1, where k is an integer 249 
and n is an even integer. 250 
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Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 252 
Thus, from Theorem 1 its sum number is bounded below by 1. Similar to the proof of 253 
Lemma 3, we only need to provide a labelling scheme that produces one isolated vertex.  254 
 255 
Let 𝑛𝑛  be an even integer greater than or equal to 4  and 𝑘𝑘 ∈ 𝛧𝛧+.  Consider the labelling 256 
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𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 259 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 260 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 261 
After labelling the cycle, we then proceed on labelling the paths. We first label the vertices 262 
𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 263 
 264 

𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
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           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 
𝐿𝐿�𝑦𝑦𝑛𝑛−6,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−4), 

⋮ 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦4,1� + 𝐿𝐿(𝑥𝑥4), 

   𝐿𝐿�𝑦𝑦3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
     𝐿𝐿�𝑦𝑦5,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 
𝐿𝐿�𝑦𝑦7,1� = 𝐿𝐿�𝑦𝑦5,1� + 𝐿𝐿(𝑥𝑥5), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 

 265 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 266 

 267 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 268 

We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 269 
 270 
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Lemma 2. The crown graph 

1; 𝑗𝑗 = 1, 2,⋯ ,𝑝𝑝} ∪ {𝑐𝑐}  and the set of edges 𝐸𝐸(𝑓𝑓𝑞𝑞,𝑝𝑝) = {[𝑐𝑐, 𝑎𝑎1
𝑗𝑗], �𝑐𝑐,𝑎𝑎𝑞𝑞−1

𝑗𝑗 �| 𝑗𝑗 = 1, 2,⋯𝑝𝑝} ∪93 
{[𝑎𝑎𝑤𝑤𝑣𝑣 ,𝑎𝑎𝑤𝑤+1𝑣𝑣+1 ]�𝑣𝑣 = 1, 2,⋯ , 𝑞𝑞 − 2;𝑤𝑤 = 1,2,⋯ ,𝑝𝑝 − 1 }.  94 

 95 
Fernau et al. first defined a map 𝐿𝐿 ∶ 𝑉𝑉(𝑓𝑓𝑞𝑞,𝑝𝑝)  → 𝑆𝑆 ⊂ ℕ to determine the sum number of the 96 
friendship graph. The map or the labelling scheme is defined as follows: 97 

 98 
The scheme for the first petal of the friendship graph 𝑓𝑓5,𝑝𝑝 is  99 

 100 
𝐿𝐿(𝑐𝑐) ≥ 1, 
𝐿𝐿(𝑎𝑎11) ≥ 𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎41) =  𝐿𝐿(𝑎𝑎11)  +  𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎21) =  𝐿𝐿(𝑎𝑎41)  +  𝐿𝐿(𝑐𝑐), 
𝐿𝐿(𝑎𝑎31) =  𝐿𝐿(𝑎𝑎11)  +  𝐿𝐿(𝑎𝑎21). 

 101 
The labelling for the subsequent petals (except for the last) follows the scheme 102 

 103 
𝐿𝐿�𝑎𝑎1

𝑝𝑝� =  𝐿𝐿�𝑎𝑎3
𝑝𝑝−1�  +  𝐿𝐿(𝑎𝑎4

𝑝𝑝−1), 
𝐿𝐿�𝑎𝑎2

𝑝𝑝� =  𝐿𝐿�𝑎𝑎1
𝑝𝑝�  +  𝐿𝐿(𝑐𝑐), 

𝐿𝐿�𝑎𝑎3
𝑝𝑝� =  𝐿𝐿�𝑎𝑎1

𝑝𝑝�  +  𝐿𝐿(𝑎𝑎2
𝑝𝑝) , 

𝐿𝐿�𝑎𝑎4
𝑝𝑝� =  𝐿𝐿�𝑎𝑎2

𝑝𝑝�  +  𝐿𝐿�𝑎𝑎3
𝑝𝑝�. 

 104 
This labelling scheme leaves just two isolated vertices to account for the edges adjacent to 105 
the vertex with the highest label�𝑎𝑎4

𝑝𝑝�. The graph in Figure 2 is an example of a sum 106 
labelling for the graph 𝑓𝑓5,4 with 𝐿𝐿(𝑐𝑐) = 1 and 𝐿𝐿(𝑎𝑎11) = 5.  107 

 108 
Figure 2. A sum labelling for the graph 𝑓𝑓5,4. 109 

 110 
Table 1 shows the sum numbers of some well-known graphs. 111 

 112 
Table 1. Summary of the Sum Number of Some Families of Graphs 113 

 114 
SUM LABELLINGS OF SOME GRAPHS 115 

 116 
In this section, we provide a labelling scheme for the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛, 117 
and the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 . Each labelling scheme will provide an upper bound for their 118 
corresponding sum number. Moreover, in this study, all labelling schemes are provided 119 
such that no extra edges will be induced by the labels. 120 

 121 
The tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 is the graph obtained by concatenating a cycle 𝐶𝐶𝑛𝑛 and a path 𝑃𝑃𝑚𝑚 with 122 
an edge. If the vertex set and edge set of 𝐶𝐶𝑛𝑛 and 𝑃𝑃𝑚𝑚 are 123 
 124 

𝑉𝑉(𝐶𝐶𝑛𝑛) = {𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛}, 𝐸𝐸(𝑃𝑃𝑚𝑚 ) = {[𝑥𝑥𝑖𝑖, 𝑥𝑥𝑖𝑖+1]| 𝑖𝑖 = 1, 2,⋯ ,𝑚𝑚− 1 } and 125 
𝑉𝑉(𝑃𝑃𝑚𝑚) = {𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑚𝑚}, 𝐸𝐸(𝐶𝐶𝑛𝑛 ) = {�𝑦𝑦𝑗𝑗,𝑦𝑦𝑗𝑗+1�| 𝑗𝑗 =  1, 2,⋯ ,𝑛𝑛 − 1} ∪ {[𝑦𝑦1,𝑦𝑦𝑛𝑛]}, 126 

 127 
then the vertex set and edge set of a tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚  are, respectively, 128 
 129 
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 and note that 
the minimum degree of the graph is 1. Thus, 
from Theorem 1 its sum number is bounded 
below by . Similar to the proof of Lemma 3, we 
only need to provide a labelling scheme that 
produces one isolated vertex. 

Let  n be an even integer greater than or 
equal to  4 and  k ∈ Z+. Consider the labelling 

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1). 
 243 

The graph of 𝐶𝐶72 in Figure 8 shows the sum labelling scheme that indicates at most 1 244 
isolated vertex where 𝑎𝑎 = 1. 245 

 246 
Figure 8. A 1-optimal sum labelling for 𝐶𝐶72. 247 

 248 
Lemma 2. The crown graph Cnk, is 1-optimal where n ≥ 4 and k ≥ 1, where k is an integer 249 
and n is an even integer. 250 
 251 
Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 252 
Thus, from Theorem 1 its sum number is bounded below by 1. Similar to the proof of 253 
Lemma 3, we only need to provide a labelling scheme that produces one isolated vertex.  254 
 255 
Let 𝑛𝑛  be an even integer greater than or equal to 4  and 𝑘𝑘 ∈ 𝛧𝛧+.  Consider the labelling 256 
𝐿𝐿:𝑉𝑉(𝐶𝐶𝑛𝑛𝑘𝑘) → 𝑆𝑆 ⊂ ℕ defined as follows: Let 𝑎𝑎 be any positive integer and consider the labelling 257 
 258 

𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 259 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 260 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 261 
After labelling the cycle, we then proceed on labelling the paths. We first label the vertices 262 
𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 263 
 264 

𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 

           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 
𝐿𝐿�𝑦𝑦𝑛𝑛−6,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−4), 

⋮ 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦4,1� + 𝐿𝐿(𝑥𝑥4), 

   𝐿𝐿�𝑦𝑦3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
     𝐿𝐿�𝑦𝑦5,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 
𝐿𝐿�𝑦𝑦7,1� = 𝐿𝐿�𝑦𝑦5,1� + 𝐿𝐿(𝑥𝑥5), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 

 265 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 266 

 267 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 268 

We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 269 
 270 
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  defined as follows: Let  a be 
any positive integer and consider the labelling

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1). 
 243 

The graph of 𝐶𝐶72 in Figure 8 shows the sum labelling scheme that indicates at most 1 244 
isolated vertex where 𝑎𝑎 = 1. 245 

 246 
Figure 8. A 1-optimal sum labelling for 𝐶𝐶72. 247 

 248 
Lemma 2. The crown graph Cnk, is 1-optimal where n ≥ 4 and k ≥ 1, where k is an integer 249 
and n is an even integer. 250 
 251 
Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 252 
Thus, from Theorem 1 its sum number is bounded below by 1. Similar to the proof of 253 
Lemma 3, we only need to provide a labelling scheme that produces one isolated vertex.  254 
 255 
Let 𝑛𝑛  be an even integer greater than or equal to 4  and 𝑘𝑘 ∈ 𝛧𝛧+.  Consider the labelling 256 
𝐿𝐿:𝑉𝑉(𝐶𝐶𝑛𝑛𝑘𝑘) → 𝑆𝑆 ⊂ ℕ defined as follows: Let 𝑎𝑎 be any positive integer and consider the labelling 257 
 258 

𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 259 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 260 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 261 
After labelling the cycle, we then proceed on labelling the paths. We first label the vertices 262 
𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 263 
 264 

𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 

           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 
𝐿𝐿�𝑦𝑦𝑛𝑛−6,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−4), 

⋮ 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦4,1� + 𝐿𝐿(𝑥𝑥4), 

   𝐿𝐿�𝑦𝑦3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
     𝐿𝐿�𝑦𝑦5,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 
𝐿𝐿�𝑦𝑦7,1� = 𝐿𝐿�𝑦𝑦5,1� + 𝐿𝐿(𝑥𝑥5), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 

 265 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 266 

 267 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 268 

We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 269 
 270 
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After labelling the cycle, we then proceed on 
labelling the paths. We first label the vertices  
yi,1 where i = 1,2, ..., n as follows:

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1). 
 243 

The graph of 𝐶𝐶72 in Figure 8 shows the sum labelling scheme that indicates at most 1 244 
isolated vertex where 𝑎𝑎 = 1. 245 

 246 
Figure 8. A 1-optimal sum labelling for 𝐶𝐶72. 247 

 248 
Lemma 2. The crown graph Cnk, is 1-optimal where n ≥ 4 and k ≥ 1, where k is an integer 249 
and n is an even integer. 250 
 251 
Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 252 
Thus, from Theorem 1 its sum number is bounded below by 1. Similar to the proof of 253 
Lemma 3, we only need to provide a labelling scheme that produces one isolated vertex.  254 
 255 
Let 𝑛𝑛  be an even integer greater than or equal to 4  and 𝑘𝑘 ∈ 𝛧𝛧+.  Consider the labelling 256 
𝐿𝐿:𝑉𝑉(𝐶𝐶𝑛𝑛𝑘𝑘) → 𝑆𝑆 ⊂ ℕ defined as follows: Let 𝑎𝑎 be any positive integer and consider the labelling 257 
 258 

𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 259 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 260 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 261 
After labelling the cycle, we then proceed on labelling the paths. We first label the vertices 262 
𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 263 
 264 

𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 

           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 
𝐿𝐿�𝑦𝑦𝑛𝑛−6,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−4), 

⋮ 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦4,1� + 𝐿𝐿(𝑥𝑥4), 

   𝐿𝐿�𝑦𝑦3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
     𝐿𝐿�𝑦𝑦5,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 
𝐿𝐿�𝑦𝑦7,1� = 𝐿𝐿�𝑦𝑦5,1� + 𝐿𝐿(𝑥𝑥5), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 

 265 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 266 

 267 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 268 

We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 269 
 270 
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We then label the vertices yi,2 where i = 1,2, ..., 
n as follows:

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1). 
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The graph of 𝐶𝐶72 in Figure 8 shows the sum labelling scheme that indicates at most 1 244 
isolated vertex where 𝑎𝑎 = 1. 245 

 246 
Figure 8. A 1-optimal sum labelling for 𝐶𝐶72. 247 

 248 
Lemma 2. The crown graph Cnk, is 1-optimal where n ≥ 4 and k ≥ 1, where k is an integer 249 
and n is an even integer. 250 
 251 
Proof. Consider a crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 and note that the minimum degree of the graph is 1. 252 
Thus, from Theorem 1 its sum number is bounded below by 1. Similar to the proof of 253 
Lemma 3, we only need to provide a labelling scheme that produces one isolated vertex.  254 
 255 
Let 𝑛𝑛  be an even integer greater than or equal to 4  and 𝑘𝑘 ∈ 𝛧𝛧+.  Consider the labelling 256 
𝐿𝐿:𝑉𝑉(𝐶𝐶𝑛𝑛𝑘𝑘) → 𝑆𝑆 ⊂ ℕ defined as follows: Let 𝑎𝑎 be any positive integer and consider the labelling 257 
 258 

𝐿𝐿(𝑥𝑥1) = 𝑎𝑎, 259 
𝐿𝐿(𝑥𝑥2) = 2𝑎𝑎, 260 

𝐿𝐿(𝑥𝑥𝑖𝑖) = 𝐿𝐿(𝑥𝑥𝑖𝑖−1) + 𝐿𝐿(𝑥𝑥𝑖𝑖−2), 𝑖𝑖 = 3,4, … ,𝑛𝑛. 
 261 
After labelling the cycle, we then proceed on labelling the paths. We first label the vertices 262 
𝑦𝑦𝑖𝑖,1 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 263 
 264 

𝐿𝐿�𝑦𝑦𝑛𝑛,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 
𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� = 𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥1), 

           𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−2,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−2), 
𝐿𝐿�𝑦𝑦𝑛𝑛−6,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−4,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−4), 

⋮ 
𝐿𝐿�𝑦𝑦2,1� = 𝐿𝐿�𝑦𝑦4,1� + 𝐿𝐿(𝑥𝑥4), 

   𝐿𝐿�𝑦𝑦3,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛), 
     𝐿𝐿�𝑦𝑦5,1� = 𝐿𝐿�𝑦𝑦3,1� + 𝐿𝐿(𝑥𝑥3), 
𝐿𝐿�𝑦𝑦7,1� = 𝐿𝐿�𝑦𝑦5,1� + 𝐿𝐿(𝑥𝑥5), 

⋮ 
𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−3,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−3), 
𝐿𝐿�𝑦𝑦1,1� = 𝐿𝐿�𝑦𝑦𝑛𝑛−1,1� + 𝐿𝐿(𝑥𝑥𝑛𝑛−1), 

 265 
We then label the vertices 𝑦𝑦𝑖𝑖,2 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 266 

 267 
𝐿𝐿�𝑦𝑦1,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿(𝑥𝑥1), 
𝐿𝐿�𝑦𝑦2,2� = 𝐿𝐿�𝑦𝑦1,1� + 𝐿𝐿�𝑦𝑦1,2�, 
𝐿𝐿�𝑦𝑦3,2� = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿�𝑦𝑦2,2�, 

𝐿𝐿�𝑦𝑦𝑗𝑗,2� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 268 

We then label the vertices 𝑦𝑦𝑖𝑖,3 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 as follows: 269 
 270 
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We then label the vertices yi,3 where i = 1,2, ..., 
n as follows:

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿�𝑦𝑦𝑛𝑛,2�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�, 
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 271 
For the remaining vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘, we label them as follows: 272 
 273 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 274 
Note that every vertex is a working vertex except for the two vertices with the smallest 275 
labelling. This labelling will result in one isolated vertex with the labelling 276 
 277 

𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘�+ 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�.■ 278 
 279 
 280 
Remark 2.By using the sum labelling scheme stated above, then 281 
 282 

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2). 
 283 
The graph of 𝐶𝐶103  in Figure 9 shows the sum labelling scheme that indicates at most 1 284 
isolated vertex where 𝑎𝑎 = 1. 285 

 286 
Figure 9. A 1-optimal sum labelling for 𝐶𝐶103 . 287 

 288 
Lemmas 1 and 2 together give us 289 
 290 
Theorem 4. The crown graph Cnk, n ≥ 3 𝑎𝑎𝑛𝑛𝑎𝑎 k ≥ 1 is one optimal summable. 291 
 292 

CONCLUSION 293 
 294 

In this study, bounds on sum numbers for different families of graphs have been 295 
determined by providing a labelling scheme for each family of graphs, specifically, the 296 
tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. Moreover, we have shown that the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 297 
is 1-optimal summable. Also, we have determined that an upper bound of the sum number 298 
of the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. is 2. Apart from the ladder graph, all the 299 
graphs considered here are unicyclic graphs. A unicyclic graph is a connected graph 300 
containing exactly one cycle. We propose a conjecture that except for the cycle graph, all 301 
unicyclic graphs have a sum number equal to 1. Thus, we recommend finding other sum 302 
labelling schemes that will improve the bound provided in this study. In particular, can it 303 
be shown that if a graph 𝐺𝐺 is unicyclic and is not the cycle graph, then 𝜎𝜎(𝐺𝐺) = 1? 304 
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For the remaining vertices yi,λ  where i = 
1,2, ..., n  and  λ = 4,5. ,,, k, we label them as 
follows:

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿�𝑦𝑦𝑛𝑛,2�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�, 
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 271 
For the remaining vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘, we label them as follows: 272 
 273 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 274 
Note that every vertex is a working vertex except for the two vertices with the smallest 275 
labelling. This labelling will result in one isolated vertex with the labelling 276 
 277 

𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘�+ 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�.■ 278 
 279 
 280 
Remark 2.By using the sum labelling scheme stated above, then 281 
 282 

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2). 
 283 
The graph of 𝐶𝐶103  in Figure 9 shows the sum labelling scheme that indicates at most 1 284 
isolated vertex where 𝑎𝑎 = 1. 285 

 286 
Figure 9. A 1-optimal sum labelling for 𝐶𝐶103 . 287 

 288 
Lemmas 1 and 2 together give us 289 
 290 
Theorem 4. The crown graph Cnk, n ≥ 3 𝑎𝑎𝑛𝑛𝑎𝑎 k ≥ 1 is one optimal summable. 291 
 292 

CONCLUSION 293 
 294 

In this study, bounds on sum numbers for different families of graphs have been 295 
determined by providing a labelling scheme for each family of graphs, specifically, the 296 
tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. Moreover, we have shown that the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 297 
is 1-optimal summable. Also, we have determined that an upper bound of the sum number 298 
of the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. is 2. Apart from the ladder graph, all the 299 
graphs considered here are unicyclic graphs. A unicyclic graph is a connected graph 300 
containing exactly one cycle. We propose a conjecture that except for the cycle graph, all 301 
unicyclic graphs have a sum number equal to 1. Thus, we recommend finding other sum 302 
labelling schemes that will improve the bound provided in this study. In particular, can it 303 
be shown that if a graph 𝐺𝐺 is unicyclic and is not the cycle graph, then 𝜎𝜎(𝐺𝐺) = 1? 304 
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Note that every vertex is a working vertex 
except for the two vertices with the smallest 
labelling. This labelling will result in one 
isolated vertex with the labelling

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿�𝑦𝑦𝑛𝑛,2�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�, 
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 271 
For the remaining vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘, we label them as follows: 272 
 273 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 274 
Note that every vertex is a working vertex except for the two vertices with the smallest 275 
labelling. This labelling will result in one isolated vertex with the labelling 276 
 277 

𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘�+ 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�.■ 278 
 279 
 280 
Remark 2.By using the sum labelling scheme stated above, then 281 
 282 

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2). 
 283 
The graph of 𝐶𝐶103  in Figure 9 shows the sum labelling scheme that indicates at most 1 284 
isolated vertex where 𝑎𝑎 = 1. 285 

 286 
Figure 9. A 1-optimal sum labelling for 𝐶𝐶103 . 287 

 288 
Lemmas 1 and 2 together give us 289 
 290 
Theorem 4. The crown graph Cnk, n ≥ 3 𝑎𝑎𝑛𝑛𝑎𝑎 k ≥ 1 is one optimal summable. 291 
 292 

CONCLUSION 293 
 294 

In this study, bounds on sum numbers for different families of graphs have been 295 
determined by providing a labelling scheme for each family of graphs, specifically, the 296 
tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. Moreover, we have shown that the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 297 
is 1-optimal summable. Also, we have determined that an upper bound of the sum number 298 
of the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. is 2. Apart from the ladder graph, all the 299 
graphs considered here are unicyclic graphs. A unicyclic graph is a connected graph 300 
containing exactly one cycle. We propose a conjecture that except for the cycle graph, all 301 
unicyclic graphs have a sum number equal to 1. Thus, we recommend finding other sum 302 
labelling schemes that will improve the bound provided in this study. In particular, can it 303 
be shown that if a graph 𝐺𝐺 is unicyclic and is not the cycle graph, then 𝜎𝜎(𝐺𝐺) = 1? 304 
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Remark 2.By using the sum labelling scheme 
stated above, then

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿�𝑦𝑦𝑛𝑛,2�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�, 
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 271 
For the remaining vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘, we label them as follows: 272 
 273 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 274 
Note that every vertex is a working vertex except for the two vertices with the smallest 275 
labelling. This labelling will result in one isolated vertex with the labelling 276 
 277 

𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘�+ 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�.■ 278 
 279 
 280 
Remark 2.By using the sum labelling scheme stated above, then 281 
 282 

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2). 
 283 
The graph of 𝐶𝐶103  in Figure 9 shows the sum labelling scheme that indicates at most 1 284 
isolated vertex where 𝑎𝑎 = 1. 285 

 286 
Figure 9. A 1-optimal sum labelling for 𝐶𝐶103 . 287 

 288 
Lemmas 1 and 2 together give us 289 
 290 
Theorem 4. The crown graph Cnk, n ≥ 3 𝑎𝑎𝑛𝑛𝑎𝑎 k ≥ 1 is one optimal summable. 291 
 292 

CONCLUSION 293 
 294 

In this study, bounds on sum numbers for different families of graphs have been 295 
determined by providing a labelling scheme for each family of graphs, specifically, the 296 
tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. Moreover, we have shown that the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 297 
is 1-optimal summable. Also, we have determined that an upper bound of the sum number 298 
of the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. is 2. Apart from the ladder graph, all the 299 
graphs considered here are unicyclic graphs. A unicyclic graph is a connected graph 300 
containing exactly one cycle. We propose a conjecture that except for the cycle graph, all 301 
unicyclic graphs have a sum number equal to 1. Thus, we recommend finding other sum 302 
labelling schemes that will improve the bound provided in this study. In particular, can it 303 
be shown that if a graph 𝐺𝐺 is unicyclic and is not the cycle graph, then 𝜎𝜎(𝐺𝐺) = 1? 304 
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The graph of 

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿�𝑦𝑦𝑛𝑛,2�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�, 
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 271 
For the remaining vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘, we label them as follows: 272 
 273 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
𝐿𝐿�𝑦𝑦3,𝜆𝜆� = 𝐿𝐿�𝑦𝑦2,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦2,𝜆𝜆�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,𝜆𝜆�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 274 
Note that every vertex is a working vertex except for the two vertices with the smallest 275 
labelling. This labelling will result in one isolated vertex with the labelling 276 
 277 

𝐿𝐿(𝑧𝑧) = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘�+ 𝐿𝐿�𝑦𝑦𝑛𝑛,𝑘𝑘−1�.■ 278 
 279 
 280 
Remark 2.By using the sum labelling scheme stated above, then 281 
 282 

𝐿𝐿(𝑥𝑥𝑛𝑛) + 𝐿𝐿(𝑥𝑥𝑛𝑛−1) = 𝐿𝐿�𝑦𝑦2,1� + 𝐿𝐿(𝑥𝑥2). 
 283 
The graph of 𝐶𝐶103  in Figure 9 shows the sum labelling scheme that indicates at most 1 284 
isolated vertex where 𝑎𝑎 = 1. 285 

 286 
Figure 9. A 1-optimal sum labelling for 𝐶𝐶103 . 287 

 288 
Lemmas 1 and 2 together give us 289 
 290 
Theorem 4. The crown graph Cnk, n ≥ 3 𝑎𝑎𝑛𝑛𝑎𝑎 k ≥ 1 is one optimal summable. 291 
 292 

CONCLUSION 293 
 294 

In this study, bounds on sum numbers for different families of graphs have been 295 
determined by providing a labelling scheme for each family of graphs, specifically, the 296 
tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚, and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. Moreover, we have shown that the crown graph 𝐶𝐶𝑛𝑛𝑘𝑘 297 
is 1-optimal summable. Also, we have determined that an upper bound of the sum number 298 
of the tadpole graph 𝑇𝑇𝑛𝑛,𝑚𝑚 and the graph 𝑆𝑆𝑚𝑚𝐶𝐶𝑛𝑛. is 2. Apart from the ladder graph, all the 299 
graphs considered here are unicyclic graphs. A unicyclic graph is a connected graph 300 
containing exactly one cycle. We propose a conjecture that except for the cycle graph, all 301 
unicyclic graphs have a sum number equal to 1. Thus, we recommend finding other sum 302 
labelling schemes that will improve the bound provided in this study. In particular, can it 303 
be shown that if a graph 𝐺𝐺 is unicyclic and is not the cycle graph, then 𝜎𝜎(𝐺𝐺) = 1? 304 
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Figure 9. A 1-optimal sum labelling for 

𝐿𝐿�𝑦𝑦1,3� = 𝐿𝐿�𝑦𝑦𝑛𝑛,1� + 𝐿𝐿�𝑦𝑦𝑛𝑛,2�, 
𝐿𝐿�𝑦𝑦2,3� = 𝐿𝐿�𝑦𝑦1,2� + 𝐿𝐿�𝑦𝑦1,3�, 
𝐿𝐿�𝑦𝑦3,3� = 𝐿𝐿�𝑦𝑦2,2� + 𝐿𝐿�𝑦𝑦2,3�,  

𝐿𝐿�𝑦𝑦𝑗𝑗,3� = 𝐿𝐿�𝑦𝑦𝑗𝑗−1,2� + 𝐿𝐿�𝑦𝑦𝑗𝑗−1,3�, 𝑗𝑗 = 4,5, … ,𝑛𝑛. 
 271 
For the remaining vertices 𝑦𝑦𝑖𝑖,𝜆𝜆 where 𝑖𝑖 = 1,2, … ,𝑛𝑛 and 𝜆𝜆 = 4,5, …𝑘𝑘, we label them as follows: 272 
 273 

𝐿𝐿�𝑦𝑦1,𝜆𝜆� = 𝐿𝐿�𝑦𝑦𝑛𝑛,𝜆𝜆−2� + 𝐿𝐿�𝑥𝑥𝑛𝑛,𝜆𝜆−1�, 
𝐿𝐿�𝑦𝑦2,𝜆𝜆� = 𝐿𝐿�𝑦𝑦1,𝜆𝜆−1� + 𝐿𝐿�𝑦𝑦1,𝜆𝜆�,      
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 is 1-optimal summable. Also, we 
have determined that an upper bound of the 
sum number of the tadpole graph Tn,m, and the 
graph SmCn  is 2. Apart from the ladder graph, 
all the graphs considered here are unicyclic 
graphs. A unicyclic graph is a connected graph 
containing exactly one cycle. We propose a 
conjecture that except for the cycle graph, all 
unicyclic graphs have a sum number equal 
to 1. Thus, we recommend finding other sum 
labelling schemes that will improve the bound 
provided in this study. In particular, can it be 
shown that if a graph G  is unicyclic and is not 
the cycle graph, then σ(G) = 1 ?
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