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A subgraph H of a graph G is called a generator subgraph of G if the set &y(G) =
{AJAC &(G),A= H} spans &(G) where &(G) is the edge space of G and A is the subgraph
of G formed by the edges in A. This work identified some generator subgraphs of two special
classes of graphs namely, wheels and fans. Specifically, this paper shows that H = P3 U P, and
I = Py, are both generator subgraphs of wheels and fans and L = 3P, is a generator subgraph of

wheels W,, where n > 6.

1. INTRODUCTION

Some recent researches in Graph Theory
have focused on the determination and char-
acterization of generator subgraphs of partic-
ular classes of graphs. The works of Gerva-
cio, Ruivivar, Lim and Jos have discussed
the edge space of a graph and the neces-
sary conditions for subgraphs to be consid-
ered generators [4]. Their respective works
identified the generator subgraphs of paths,
cycles and complete graphs. Ruivivar gave
a characterization of generator subgraphs of
complete bipartite graphs [6]. On the other
hand, Celo and Tenoso worked on generator
subgraphs of double stars and toroidal grids
[1]. They have also designed a computer pro-
gram testing whether paths of orders 4 and 6
are generator subgraphs of some user defined

graphs or not. In 2008, Gervacio, Valdez and
Bengo, made initial efforts to find generator
subgraphs of wheels and fans of some orders
only [5].

Now, this research is an extension partic-
ularly of the work initially made on wheels
and fans. This hopes to contribute to this
ongoing study by giving general findings on
generator subgraphs of wheels and fans of
any order, specially those of higher order.

2. PRELIMINARIES
2.1. Edge Space of a Graph

Let G = (V(G), E(GQ)) be a graph consist-
ing of a set V' of vertices and a collection E of
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edges e1,e9,- -+ ,en. Let H = (W(G), F(G))
be a subgraph of G, that is, W(G) C V(G)
and F'(G) C E(G).

Definition 2.1. The edge space of G denoted
by &(G) is the power set of the edge set of
G, that is, &£(G) = {A|A C E(G)}.

The edge space &(G) is a vector space over
the field Z5 under vector addition defined
by AAB = (A\ B)U (B \ A) and scalar
multiplication defined by cA = A, if ¢ = 1
and cA =0, if c=0 for all A, B € &(G).

2.2. Generator Subgraphs of a Graph

Consider the set B containing the
singleton elements of &(G), that is,
B = {{ei},{ea},...,{em}}. Since every
A € &(G) maybe represented as ), _,{ei}
or as a linear combination of the elements
{e;} € B then the vectors in B are linearly
independent and we say that B spans &(G).
Therefore, the dimension of &(G), dim &(G),
is |E(G)| the cardinality of the edge-set of
G.

Let H be a subgraph of G. Consider the
set &4(G) = {A|A € &(G), A = H}, where
A is the subgraph of G formed by the edges
in A that are isomorphic to H.

Definition 2.2. The subgraph H is a gen-
erator subgraph of G whenever &x(G) spans
E(G), that is, every element in &(G) can
be expressed as a linear combination of the
elements in &g (Q).

Remark 2.1. The subgraph H can only be a
possible generator subgraph of G if & (G) has
enough elements to possibly generate &(G),

that is, |6y (G)| > dim &(G)= |E(G)|. Sup-
pose there are enough elements in &g(G) to
possibly generate the elements in &(G), then
to show H is a generator subgraph of &(G),
it is sufficient to express the singletons in
&(G) as a linear combination of the elements

Let &(G) = {A1, Ag, -+, A}, where k =
2™ and m = |E(G)|. Then, &y(G) C &(G).
Suppose A; = {e1,eq,---,¢;},1 < j < m.
Thus, A; maybe expressed as the sum
{e1} +{e2} + --- + {e;}. This shows that
any A € &(G) is a linear combination of the
singletons in &(G). Each singleton is in turn
expressible in terms of the elements in &5 (G)
and these maybe used to represent A;. The
same maybe done for the other elements in

&(G).

2.3. Special Classes of Graphs

There are special classes of graphs and
these include paths, cycles, complete graphs,
wheels and fans among some others. These
research focuses on wheels and fans. Graph-
theoretic terms that are not explicitly defined
can be found in [7].

Definition 2.3. The cycle, C,,, is the con-
nected graph with n vertices and n edges such
that each vertex is an endpoint of exactly two

edges.

FIG. 1. The graph on the left is Cs while the one on the
right is Cy.
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Definition 2.4. The path, P,, is the graph
obtained by removing an edge in C,. It hasn
vertices and n — 1 edges.

FIG. 2. The graph on the left is Ps while the one on the
right is Ps.

Definition 2.5. The complete graph, K,, is
the graph with n vertices and where every pair
of distinct vertices form an edge.

FIG. 3. The graph on the left is K; while the one on the
right is K.

Definition 2.6. The wheel, W, is a graph
containing n+1 vertices and 2n edges consist-
ing of a cycle C,, plus another vertex which is
adjacent to all vertices of C,,.

T

FIG. 4. The graph on the left is W5 while the one on the
right is Wio.

Definition 2.7. The fan, F,,, is a graph with
n+1 vertices and 2n—1 edges. It is defined as
the sum or join of the path P, and the trivial
graph K.

A,

FIG. 5. The graph on the left is F3 while the one on the
right is F.

2.4. Some Results on Generator
Subgraphs of Other Graphs

This section presents some of the findings
about generator subgraphs of paths obtained
from previous studies. The following results
give information on characteristics of possi-
ble generator subgraphs. Since wheels and
fans are composed of paths, these results were
found to be useful in finding the generators
of wheels and fans [2].

One of the major findings on the study of
generator subgraphs is given in the following
lemma. The theorem that follows give some
of the generator subgraphs of paths.

Lemma 2.1. If G is a non-empty graph and
H is a generator subgraph of G, then H has
an odd number of edges [2].

Theorem 2.1. The graph L = 3P, consist-
g of 3 vertex-disjoint paths is a generator
subgraph of paths P, if and only if n > 8 [2].

Theorem 2.2. The graph H = P3; U P,
which are vertex-disjoint paths or paths with

no common vertices is a generator subgraph
of paths P, if and only if n > 7 [2].
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3. MAIN RESULTS

3.1. Other Generator Subgraphs of
Wheels

This section presents other generator sub-
graphs of wheels. It was initially found that
Py is a generator subgraph of W, for n > 3.
Also, some subgraphs of W, having odd num-
ber of edges were found to be generators [5].

AN\

FIG. 6. Subgraphs isomorphic to these are generators of
Wa.

Now, the following are the results obtained
in searching for other generator subgraphs of
wheels.

Theorem 3.1. Let P; and P, be wvertex-
disjoint.  The graph H = Py U Py is a
generator subgraph of G = W, if and only if
n > 4.

Proof. Let H = P3 U P, be a generator sub-
graph of G = W,,. Since P5 and P, are vertex-
disjoint, |V(H)| = 5. Suppose G = W,
n < 4. Thus, |V(G)| = n+1. Since n+1 < 5,
then |V(H)| > |V(G)|. This is a contradic-
tion. Therefore, n > 4.

Conversely, let n > 4. Denote by
e, e, -+, e, the consecutive outer edges
of W, in clockwise direction and denote
by €ni1,€ni2,--+ , €2, the consecutive inner
edges of W, also in clockwise direction such
that e, is between e; and e,.

We will show that each outer edge e; , 1 <
t < n, and each inner edge e;, n+1 < 5 < 2n,
maybe expressed as a linear combination of
the elements in &5 (G).

First we consider the outer edges. Take

an arbitrary outer edge e; and let e;, e, be
the inner edges adjacent to e;15. The sub-

scripts 7,7 + 2 must be taken modulo n. Let
Ay, Ag, Az € Ey(G), where

Al = {6i7 €j, €i+2}7
A2 - {6i7 €k, ei+2}a
and As = {e;, e, e;}.

We have A;AA;AA; = {e;}. Thus, every
outer edge maybe expressed as a linear com-
bination of the elements of &y (G).

Next we consider the inner edges. Take the
outer edges e;,e;11,€;12 such that the sub-
scripts 4,7+ 1,4+ 2 must be taken modulo n.
Now take inner edges e;, e, such that e; is not
adjacent to e; and e;,1. Also, e is not adja-
cent to e;11 and e; o but must be adjacent to
e;. Let A4, A5, AG S éDH(G) where

A4 - {eia €it+1, ej}7
As = {€i+17€i+276k}7

and Ag = {€;42,€i, €}

We have A;AA;AAq = {e;}. Thus, every
inner edge maybe expressed as a linear
combination of the elements in &4 (G).

Therefore, H = P3 U P, is a generator sub-
graph of G = W, if and only if n > 4.
m

Now, we consider the graph L = 3P
consisting of 3 vertex-disjoint copies of P;.

Theorem 3.2. The graph L = 3P; 1s a gen-
erator subgraph of G = W, if and only if
n > 6.
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Proof. Let L = 3P, be a generator subgraph
of G =W,. Then |V(H)| = 6. If n <6, then
[V(G)|=n+1 < 7. By counting, it will be
found that for this wheel |&7(G)| < |E(G)|
which is a contradiction. Therefore, n > 6.
Conversely, let n > 6. It must be noted
that for any W, the longest path is P,.;.
Therefore, recalling Theorem 2.1, L = 3P; is
a generator subgraph for W, where n > 7.
Now, we only consider the case when n = 6.
Denote by ey, e9, €3, e4, €5, 6 the consecutive
outer edges of Wy in clockwise direction and
denote by er, es, €9, €10, €11, €12 be the consec-
utive inner edges of Wy also in clockwise di-
rection such that e; is between e; and e,.

Let Ay, A, A3, Ay, As, Ag € gL(G) where

Ay ={ey,es,e4},
Ay = {ey, e, 65},
Az = {e1, e11, €3},
Ay = {er, e, e},
As = {ey,e3,e5},

and Aﬁ = {63, €5, 67}.

We see that AJAAAA3AANA; = {e}.
AISO, AlAAQAAgAA4AA6 = {67}.

Using rotational symmetry on wheels, we
can form a mapping ¢ : F(G) — E(G) on
the edges of Wy to obtain the linear combi-
nation for the remaining edges. For instance,
to get ey and eg, we may rotate the wheel 60°
counterclockwise and thus form the following

mapping:

ole;) =ey o(er) = esg
0'(62) = €3 0'(68) = €9
0'(63) = €4 0'(69) = €10

0'(64) = €5 0'(610) = €11

0'(65) = € 0'(611) = €12

oleg) =e1 olen) =eg

With these, we get
Aq, Ag, Ay, Avg, A1, Arp € 8L(G) where

A; = {es, eg, €5},
As = {es, e9, 66},
Ay = {e,e12,¢€4},
A = {ez,e12,¢65},
An = {ea, €4, €6},

and A12 = {64,66,68}.

Observe that A7AA8AA9AA10AA11 =
{62}. AISO, A7AA8AA9AA10AA12 = {68}.

The same maybe done for the remaining
edges of Ws. Therefore, L = 3P; is a genera-
tor subgraph of Wj.

It follows that L = 3P, is a generator sub-
graph of W, if and only if n > 6.
m

Theorem 3.3. Forn > 3, the graph [ = Py
is a generator subgraph of W, if and only if
k is even and k <n + 1.

Proof. Let I = Py be a generator subgraph of
W,,. Necessarily, kK must be even so that there
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will be an odd number of edges. Suppose
k > n + 1, the longest path in W, is P,
and so P, will be longer than the longest path
in W,, if & > n + 1. This is a contradiction.
Therefore, k <n + 1.

If £ < n+ 1, by careful choice of the edges
making up Py, it is easy to find the linear
combination of the edges in W,,. Therefore,
I = P, is a generator subgraph of W, for
n > 3. ]

3.2.
Fans

Other Generator Subgraphs of

This section presents other generator sub-
graphs of fans. It was initially found that P,
is a generator subgraph of F}, for n > 3. Also,
some subgraphs of F5 having odd number of
edges were found to be generators [5].

Do Do

FIG. 7. Subgraphs isomorphic to these are generators of
Fs.

Theorem 3.4. Let P; and P, be wvertex-
disjoint.  The graph H = P3; U Py, is a
generator subgraph of G = F,, if and only if
n > 4.

Proof. Let n > 4. It must be noted that for
any F},, the longest path is P, ;. Considering
Theorem 2.2, we find that H = P;U P, is a
generator subgraph for F),, where n > 6.

Now, we only consider the case when n =4
and n = 5. For Fj, denote by ey, eq,e3 the
consecutive edges of F} along its path and by
ey, €5, €g, €7 the consecutive edges adjacent to
the single vertex of Kj.

Let Ay, Ay, A3, Ay, A5, Ag € éaH(G), where

Ay ={e, er,e3},
Ay = {ey, €6, €7},
Az = {es, 6, €1},
Ay = {ea, 4,7},
As = {ey, ea, €7},

and A6 = {61, €4, 67}.

We see that A;AAAA; = {e;}. Also,
AyAA;AAg = {e7}. In the same manner, we
may find the linear combination for the re-
maining edges of F; Therefore, H = P;U P,
is a generator subgraph of Fj.

For Fj5, denote by eq,es,e3,e4 the con-
secutive edges of F5 along its path and
by es, eq, €7, €8, €9 the consecutive edges ad-

jacent to the single vertex of Kj. Let
Al; Az, Ag, A4, A5, A6 € gH(G) where

Ay ={e1,e9,69},
Ay = {e1, €9, €3},
Az = {ey, es, €69},
Ay ={es, eq, 65},
Ay = {es, €4, €6},

and Ag = {es, eq, €9}

We see that AJAAAA; = {e;}. Also,
A;AA5AAg = {eg}. In the same manner, we
may find the linear combination for the re-
maining edges of F5. Therefore, H = PsU P,
is a generator subgraph of F5. Therefore,
H = P;U P, is a generator subgraph of F.

Suppose H = P; U P, is a generator
subgraph of F,. If G = F, has n < 4 then
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|[V(G)| =n+ 1. Since |V(H)| = 5 we have
n+1 < 5 which is a contradiction since
|[V(H)| < |V(G)|. Therefore, n > 4.

It follows that H = P3 U P, is a generator
subgraph of F), if and only if n > 4.
O

The proof of the following theorem is
similar to that of Theorem 3.3.

Theorem 3.5. Forn > 2, the graph L = P,
1 a generator subgraph of F,, if and only if k
1s even and k <n + 1.

4. CONCLUSION

This research form a part of the study on
generator subgraphs of graphs. The works
of Gervacio, Ruivivar and Celo have focused
on paths, cycles, complete graphs, complete
bipartite graphs, double stars and toroidal
grids, while this paper focused on wheels and
fans. Gervacio, Valdez and Bengo, have ini-
tially identified some generator subgraphs of
wheels and fans and these include P, which
was found to be a generator subgraph of W,
and F;, for n > 3 and the subgraphs shown in
figures 6 and 7 were found to be generators of
W, and F5. These study obtained other gen-
erator subgraphs of wheels and fans of gen-
eral order. For wheels, the graph H = PsUP,
is a generator subgraph of W, if and only if
n > 4. Also, the graph L = 3P, is a gen-
erator subgraph of W, if and only if n > 6.
For n > 3, the graph I = P} is a generator
subgraph of W, if and only if £k is even and
k<n-+1.

While for fans, one generator subgraph is
H = P3U P, if and only if n > 4 for F,.
When n > 2, the graph L = P, is a generator

subgraph of F), if and only if k£ is even and
k<n-+1.
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