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For finite seis, the concepis of topology and reflexive transitive relations are shown to be equivalent; thus a topology on a
finite set can be represented by an incidence relation, and a function between finite tupological spaces has a matrix
representation. A theorem on when and only when this matrix representation is a representation for a continuous function

is then given.

One problem in topology. a solution to
which this author is not aware of, is finding the
number of topologies on a finite set. While this
paper does not provide a solution to such a
problem, it will restate it in an equivalent form.
This paper will show that such a problem is
equivalent to finding the total number of
reflexive transitive relations on a finite set.

For brevity of notation, we will identify
any n-set with the set n = {1,...n}, for any
positive integer #. Further, by 2 we will mean
the Boolean algebra {0,1} under the Boolean
operations of v and A defined by the following
tables:
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Also by 27 we will mean the product Boolean
algebra of n copies of 2. To be specific, by 27
we will mean the collection of all n x 1 matrices
of 0's and 1's under the Boolean operations of
v and A defined by:
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(xvy),=x vy and (X Vy)=X Ay, for any
x,vye 2h,andi=1,.., n

The following can easily be verified.

Lemma 1. Let ®:9(n)— 2" be the function
defined by

0
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Then @ is a one-to-one correspondence such that

for every A, Be P(n)
OAUBY=D(4A) v (B) and

® (AN B)=0 (4}~ @ (B).

Notation: If Ae ?(n) we will use the notation
[4] for the n X 1 matrix &(4), where & is the
funetion given in Lemma 1.

Definition 1. Let X be a set. By a topology on
X we will mean a collection 5 of subsets of X
satisfying the following properties:

TL. X, ei.B
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VoL. 5 No. 1 January 2002

T3, If 4, Bed, then A n B e,

The elements of a topology ! are called open set
(with respect to ) and the pair (X, f) is called a
topological space. If X is a finite set, the
topological space (X, 7) is called a finite
topological space.

As a consequence of Lemma 1, the
following is easy to verify.

Lemma 2. Let i be a topology onnand let T =
{IG1}| Ge 5}. Then the following are true.

TL.[1 1...115,[0 0... 0]"eT.
T2, If A,BeTthenAvBeT.
T3.If A,BeTthen AABeT.

Definition 2. Let (X, %) be a topological
space. By a base for the topological ¥ {(or for
the topological space (X, 7) we mean a
subset B of 9 such that for every Ge ™,
G = UiBea |B <G

The following lemma characterizes bases
for topologies. A proof of this lemma may be
found in (3).

Lemma 3. Let X be a set. Then a collection
% of subsets of X is a base for a topology on
X if and only if it satisfies the following
properties.

Bl. U{BlBe®!= X
B2. If 4, Be® and x € 4 m B, then there exists
Ce % such that x Cc 4  B.

Every finite topological space has a
smallest base (under set containment). Such a
base is described in the following lemma.

Lemma 4. Let (X, ) be a finite topological
space and for each x € X let

B -

x

NiG evix G},

37

THE ManNiLA JOURNAL OF SCIENCE

Then the collection & = {B_ | xe X} is a base for
topology 5.

Note that each B is the smallest open set
containing x. Thus the base B of Lemma 4 is the
smallest for 7; that is, any base for ¥ must
contain B as a subcollection. Moreover, since
no two distinct topologies on X share the same
base, there is a one-to-one correspondence
between the collectin of bases fo this type and
topologies on finite set X. A more general
version of Lemma 4 is given in the following
lemma.

Lemma 5. Let 3 be a base for a topology Tona
finite set X and fore each x € X let

Bx =[1{Ge®) xe G}.

Then the collection € = {B_ | x e X} is a base
for topology ¥ and in fact is the smallest base
for iy

Defenition 3. By a Boolean matrix, we will
mean any matrix whose entries belong to 2.

Definition 4, If R is a relation on n, then by the
incidence matrix of R we will mean the n X n
Boolean matrix M, defined by

R
! 1 if (i, /) e R,

Definition 5. Let ¥ be a topology on n with B,
as in Lemma 4. Then by [5] we shall mean the
n % n Boolean matrix defined by

(7 2 10 if (i,j)e B,
1 if Gy e B,
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It is easy to see that the diagonal entries
of [5] are all 1's. It follows then that the matrix
[] is an Incidence matrix for a reflexive relation
on u.

We now define two Boolean operations on
Boolean matrices.

Definition 6. Let A and B be two Boolean
m x n matrices over 2. Then the Boolean sum
of the matrices A and B is the matrix A v B
defined by

(Av B)U_: A, v By

Definition 7. Let A be an m X 7 Boolean
matrix and let B be an n x p Boolean matrix.
Then the Boolean product of matrices A and B
is the m x p Bolean matrix A*B defined by

(A*B) —(A,AB ) (A,AB)v..v(A, AB)
=V (A~ B,

It is easy to see that the two Boolean
operation just defined are associative operations.
Also whenever A, B, and C are Boolean matrices
such that A*B and B v C are well-deflined, then
A* (B v C) = (A*B) v (A*C). Moreover, the
following lemma holds. '

Lemma 6. Let R and § be relations on #. The
the following are true.

.M, * M = Mg,

2.M, v M, = M,

3. The relation R is transitive if and
only if M, v (M, * M) = M,

Proof: That (1) and (2) are true is easy to sce.
Statement (3) now follows from (1} and (2) and
the fact that R is transitive if R R C R.
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Theorem 1. Let A be an n X 7 Boolean matrix
such that for j = 1,...,n the j the column of A is
the matrix [4 ] for some subset 4, of n. Let B be
a subset of n.

Then

A*[B]=[QAJ.

Proof: First note that A* [B] and {U AI]

are both n x 1 Boolean matrices. Moreover, for
i=1,...,n,

(A* 1B, =v A,=[U4]

il

As a consequence of Theorem 1 and the
properties of a base, we obtain the following
theorem.

Theorem 2. Let 8 be a topology over #. Then a
subset G of # is open if and only if [4]=G = G.

As a consequence of Theorem 2 and
Lemma 6, the following then is true.

Theorem 3. Let 7 be a topology over &. Then
[51+[7]=[] and therefore [3] is the incidence
matrix of some reflexive transitive relation on
n.

Lemma 7. Let R be a relation on ». Then R is a
reflexive transitive relation on » if and only if
1 v M, = M, and M, * M. =M,

Proof: The equation I v M, =M, is equivalent to
the statement that R is reflexive. Thus, by Lemma
6 (3), a reflexive relation is transitive if and only
ifM,=M,v M * M, = Mox (1 v M) = M, M,

Theorem 4. Let R be a reflexive transitive
relation on 7 with incidence matrix M,. For
j=1,..,nlet B be the unique subset of n such
that [Bj] is the jth column of M,.
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Then & = {B, | j € n} is a base for a topology ¥
on n such that [f] = M.

Proof: Since R is reflexive, for ecach j we
have j € B, and therefore n {B,}e jn}.
Since M, * M, = M for each j the following
is also true:

BJ:UB"

i

It follows from the preceding two statements that
< satisfies B1 and B2 of Lemma 3 and therefore
is a base for some topology on n. That 3 is the
smallest base for ¥ 1s now a consequence of the
fact that for every J, B=)8B.

Theorems 3 and 4 and the fact that there is
exactly one topology on the empty set and
exactly one reflexive transitive relation (the
emply relation) on the empty set then lead us to
the following theorem.

Theorem S. Let X be a finite set. Then there is
a one-to-one correspondence between the
topologies on X and the reflexive transitive
relations on X,

We tackle the problem of
characterizing continuous functions between
topological spaces.

now

Definition 8, Let /: m —n be a function. By
the Boolean matrix representation of fwe will
mean the » X m Boolean matrix [f] whose j th
column for j = 1,....,m is the Boolean matrix

[} ]
Lemma 8. Let f/: m— n be a function.
Then

. For every subset 4 of m,
[AA)] = (/] % [A].

2. For every subset B of n,

(8] = [A1" * [B].
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Proof: First, we have

Wx14),= v (U~ 14D, = Lk | i = fthy, ke 4V )=LA,,

for any subset 4 of m. Also for every subset B of n, we

have

(™8], = \AU,~LB,) = Lkl k=i, ke BYI=LA'(B),

Definition 9. Let (X, 1) and (¥, Q) be topelogical spaces
and f: X— Y a function. Then f is said to be a continuous
Junction if for every U'e U, F -1 (U) € v,

By Theorem 2 and Lemma 8 we then have
the following theorem,

Theorem 6. Let Tand % be topologies on m and
n, respectively. Then a function f: X—7 is
continuous if and only if [S][/] [ ]=[f]"*]u].
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