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This paper gives equivalent statements of semi-continuity; a concept introduced by N. Levine [{]
in 1963. In particular, we give a characterization of semi-continuity which utilizes the concept of
semi-closure of a set defined by one of the authors in [1]. Alse, we characterize semi-continuity of
maps into the space of real numbers with the standard topology.

Introduction

N. Levine introduced the concept of semi-
continuity for functions defined on a topological
space into another topological space. It is eas-
ily verified that the condition for semi-continuity
is strictly weaker than the condition for con-
tinuity of a function. However, even for func-
tions into the space R of real numbers with the
standard topology, semi-continuity is not gener-
ally preserved under algebraic sum, product and
composition of functions. Among others, this
paper offers other equivalent statements of semi-
continuity of a function. As a direct consequence,
we characterize semi-continuity of functions into
the space R with the standard topology.

Definitions and Preliminary Results

Throughout this paper, X, Y, and Z are
topological spaces. The space of real numbers
with the standard topology is denoted by R.
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Definition 2.1 A subset O of X is semi-open
if O C d[int(O)] (closure of the interior of O).
Equivalently, O is semi-open if there exists an
open set G in X such that G C O C d(G). A
subset F' of X is semi-closed if the complement
Fe¢ of F is semi-open.

Theorem 2.2 (Levine) Let {O, : a € I}
be a collection of semi-open sets in X. Then
U{Oq : a € I} is a semi-open set in X.

Definition 2.3 A function f : X — Y is semi-
continuous on X if f~1(0) is semi-open in X for
every open set O in Y.

Since every open set is semi-open, the follow-
ing statement is clear.

Remark 2.4 If f: X — Y is continuous on
X, then it is semi-continuous there.

Remark 2.5 If f X — Y is semi-
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continuous on X and g :' Y — Z is continu-
ous on Y, then the composition g o f, defined by

(g o fi(z) = g(f(x)) for every x € X, is semi-
continuous on X.

To see this, let O be an open set in Z. Since
g is continuous on Y, g~!(0) is an open set
in Y. Thus, since f is semi-continuous on X,
Yo~ YO0) = (g o f)~YO) is a semi-open set in
X. Therefore, g o f is semi-continuous on X.

Definition 2.6 Let A be a subset of X. A point
p € X is a semi-closure point of A if for every
semi-open set G in X,

pEG= GNA#D

We denote by scl(A) the set of all semi-closure
points of A.

Theorem 2.7[1] Let A C X. Then

(a) A C scl(A) and

(b) A is semi-closed if and only if
A = scl(A).

The following result is known as the Cauchy
criterion for uniform convergence. A proof can
be found in [3, pp. 84-85].

Theorem 2.8 A sequence {g, : X — R}
of functions converges uniformly if and only if
for every € > 0, there exists a natural number
N such that for all natural numbers n and m
withn > m > N and for all z € X, we have

lgn(z) — gm(z)] <e.

Results The following theorem gives our main

results.

Theorem 3.1 Let f : X — Y be a funciion.
Then the following statements are equivalent.
(a) f is semi-continuous on X. '
(b) f~Y(K) is semi-closed for every closed set
KinY.
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(c) f~X(B) is semi-open for every element B
of a basis for Y.

(d) For every p € X and every open set V in
Y containing f(p),

there exists a semi-open set O in X such

that p € O and f(O) C V.

(e) f(scl(A)) C cl(f(A)) for every subset A
of X.

(f) scl(f~Y(B)) c f~Ycl(B)) for every sub-
set B of Y.

Proof: (a) == (b): Suppose [ is semi-continuous
on X and let K be a closed set in Y. Then K¢
is an open set in Y. Semi-continuity property
of f now implies that f~1(K¢) = (f~}YK))¢ is
semi-open in X. Therefore, by Definition 2.1,
fYHK) is semi-closed in X.

() = (a): Assume that statement (b)
holds. Let O be an open set in Y. Then O¢
is closed. Hence by assumption, f~}(0°) =
(f~1(0))¢ is semi-closed. By Definition 2.1,
f~HO) is semi-open in X. Therefore, by Defini-
tion 2.3, f semi-continuous on X.

(&) = (c): Let 2 be a base for Y and let
B € Q. Then B is an open subset of Y. By
semi-continuity of f, it follows that f~(B) is
semi-open in X.

(¢) = (a): Suppose f~}(B,) is semi-open
in X for every member B, of a base ! = {B,, :
a € I} for Y. Let O be an open set in X. Then
there exists J C I such that O = U{B, : a € J}.
Hence, f71(0) = U{f(Ba) : @ € J}. By The-
orem 2.2, f~}(0) is a semi-open set. Therefore,
by Definition 2.3, f is semi-continuous on X.

() = (d): Assume that f is semi-
continuous on X. Let p € X and V an open set
in Y containing f(p). Put O = f~Y(V). Since
f is semi-continuous, O is a semi-open set in X.

Moreover, p € O and f(O) = f(f~YV)) C V.
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Therefore, (d) holds.

(d) = (e): Suppose statement (d) holds.
Let A be a subset of X, p € scl(A) and
G an open set in Y containing f(p). Then
by assumption, there exists a semi-open set
O containing p such that f(O) C G. Now,
since p € scl(4), ON A # 0. Consequently,
0 # f(ONA) c flO)n f(4) C GnfA).
This shows that f(p) € cl(f(A)). Therefore,
f(scl(A)) C cl(f(A)) and so, (e) holds.

() = (f): Assume that statement (e)
holds. Let B C Y and set A = f~1(B). Then
by the assumption, f(scl(A)) C cl(f(A)). There-

fore,

scl(f7Y(B)) = scl(A)
1

C T (f(scl(4)))

C fH(f(A))

= fHAFFHB)))
c fHe(B)).

This shows that (f) holds.

(f) = (b): Assume that (f) holds. Let K be
a closed set in Y. By assumption, scl(f~1(K)) C
fc(K)) = fYK). Combining this with
Theorem 2.7(a) we get scl(f~(K)) = f1(K).
Therefore, by Theorem 2.7(b), f~!(K) is semi-
closed in X. This shows that (b) holds.

The proof of the theorem is complete.

The following, which is a quick consequence
of Theorem 3.1, characterizes semi-continuous
functions into the space R.

Corollary 3.2 A function f : X — R is
semi-continuous on X if and only if the set
{z € X :a < f(z) < b} is semi-open for all
a,b € Q(a < b), where Q denotes the set of all
rational numbers.
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Proof. Suppose f is semi-continuous on X. Let
a,b € Q with a < b. Then (a, b) is an open subset
of R. It follows that f~1((a,b)) ={z € X :a <
f(z) < b} is semi-open by Definition 2.3. Con-
versely, suppose that f~1((a,0)) = {z € X :a <
f(z) < b} is semi-open for all a,b € Q(a < b).
Since @ = {(a,b) : a,b € Q} is a base for the
standard topology on R, the result now follows
from Theorem 3.1(c).

Theorem 3.3 Let {f, : X — R} be a sequence
of semi-continuous functions such that | fo| < M,
for each n, where Y oo | My, is a convergent se-
ries. If the function g, = fi + fo+ ... + fn s
semi-continuous for each n, then the function f

defined by oo
n=1

erists and is semi-continuous on X.

Proof. For each n, let g, = fi + foa + ... + fa.
Let € > 0. Since > .2, M, is a convergent se-
ries, there exists a natural number N such that
Y2 v M; < e. Let n and m be natural numbers
such that n > m > N. Then for all z € X,

n

9n(2) = gm (@) < 1 fil2)l

< D lfi@)

< SoM,
i=N

< e

By Theorem 2.8, this means that the sequence
{gn} converges uniformly on X. For each z € X,
define f : X — R by

flz) = lim gn(z).

Since g, — f uniformly on X, it follows that

f@) =" fal®).
n=1
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It remains to show that f is semi-continuous on
X. To this end, let ¢ > 0 and p € X. Since
gn — f uniformly on X, there exists a natural
mumber m such that for all x € X, we have

lgm (@) = f(@)[ < 5-

Since gy, is semi-continuous, there exists a semi-
open set W, containing p such that for all z € W,
we have .

|9 (2) = gm(P)] < 3-

Thus, for all z € W,, we have

1f(2) = f(P)| = |f(2) — gm(2)|
+lgm(z) — gm(p)|
+lgm(p) — f(»)]
< €.

This means that for every (basic) open set

V = (f(p) — ¢, f(p) + €) containing f(p), there
exists a semi-open set W, containing p such that

f(W,) C V. Therefore, by Theorem 3.1, f is
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semi-continuous on X.

The first author has also characterized semi-
open and semi-closed functions. The paper will
appear in another journal.
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