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Paley 2-designs of (N-type

are symmetric
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designs where q is a prime power such that g= [(mod 4). The main results

of this paper show that the Paley 2-designs of ON-type and their comple-

ments are self-dual.

INTRODUCTION

Let ¢, v, &, A be positive integers such that
v> k> t> 1 and A 2 1. The pair D=(P, B) is called
a t—(v,k,A)design or simply a t-designif P isa
finite set of v elements called poin#s and B consists of
k-subsets of P called blocks and every t-subset of
P1s contained in exactly A blocks.

A 2 - (vk A)design is said to be symmetric if
|P]=B|. Otherwise, it is called non-symmetric. .

Example 1

Consider the design D = (P, B) where
P=1{1,23,4,5,6,7,8,9,10,11} and B consists of the
following blocks:

a =1{1,2,3,7,10}
a3=1{1,3,4,5,9}
a s={1,5,8,10,11}
a 1=1{2,4,5,6, 10}
ag=143,506711}
a | =1{4,7,9,10,11)}

a,=1{1,2,6,9, 11}
a 42=141,4,6,7,8}
a 6=12,3,4,8, 11}
ag=142,57,8,9}
@ 15=13,6,8,9, 10}

Observe that the above design D has 11 points
and that every block has 5 points in it. It is also
straightforward to check that every pair of points is in
2 blocks. For example, the pair of points {1,2} can
be found in & | and & ,. Thus, we say that Dis a
2-(11, 5, 2) design. Moreover, D is symimetric since
the number of points and the number of blocks areequal.

If Dand D' are two designs, we define an
isomorphism ¢ .1 — D' to be a one-to-one mapping
of points of D onto points of D' suchthatp € ¢ in
Difand only if ¢p) € o in D', If there exists an
isomorphism from D to D', then we say that D and D
are isomorphic, denoted by D=D'" .

Example 2

Let D' be the design where
P=1{123,4,5,6,7,89,10,11} and B consists of the
following blocks:

/61 :{1723435:6} ﬁz :{1s2’7399 10}
F3=11,3,4,7,8)  f,=1{1,3,5911}
Fs=1{1,6,810,11} f4=1{2,3,5,8,10}
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B-=1{2,3,6,7,11} Bg={2,4,8911}
By =13,4,6,9,10} P p=14,57,10,11}
B.1=1506,7,89}

Tt can be verified that the 2-(11,5,2) design D
of Example 1 and D' are isomorphic designs.
Consider the mapping ggivenbelow.

The notation assigns to each point g of D
in the first row, its corresponding image ¢fa) in
D' directly below it in the second row. Thus
#(1) = 11, &2) = 5, and so on. The mapping ¢
induces a mapping of blocks from D to /' given as
follows.

(01 o Ay Gy 5 Oy &5 R g A a“\

Lﬁ% Bro Bs P Bs B B Bs Bz B2 P

Since ¢ maps points to points in such a way
that blocks are mapped to blocks, we conclude that
#1s an isomorphism and that D=D'".

Given a 2- (v,k, A} design, there are several
designs which are related to it or which can be
constructed from it. We consider two of the, namely,
the dual and the complement.

The dual of a design D, denoted by DT isthe
design whose points and blocks are the blocks and
points of D, respectively. Incidence in DTis deﬁned
as follows: The point o is in the block a of D ifand
only ifa € @inD. IfD_D then we say that D is
self-dual.

Example 3
The dual of the 2-(11,5,2) design D of
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Example 1 is given below. Its point set is

T_
Pl={a,a,,03,04,56 07,0809, 19X 11}
and the blocks are:

1= {(2’1,&’2,&’3,&’4,&'5} 2= {al,az,a6,a7,a3}
3={ana3,a629a10} 47 {2304%607.2 1)

5= {03,635,627,0!8,6!9} 6= {a25a4:a79a99a10}

7= {a’l,a4,a8,a’9,cx“} 8= {a4,a‘5,a6,a8,am}
9 ={ayaaga2 1} 10={a,asa7,2 021}

11= {az,as,aﬁ,ag,a’“}

The 2-(11,5,2) design D is self-dual. Consider
the mapping ¢ D—)DTgiven by

¢_[1 2 3 4 5 6 7 8 9 10 11 }
@ ag dy g 4 Gy @, @ @& 4 &
This then induces the following mapping of
blocks.
(0’1 @ @ @ a4 @ @y @ @y @)
12 6 9 1 3 8 4 7 5 10

Clearly, @ is an isomorphism and D = pT.
Hence, D is self-dual.

The next related design that we are going to
consider is the complement of a design. If D is a
2-design, then its complement, denoted by D, is the
design whose points are the points of D and for each
block o of DF, the point p € o in D ifand only if
pegoainD.

Example 4

The complement D of the2(11,5,2)design Dof
Examplehas point set 7=1{1,2,3,4,5,6,7,8,9,10,11} and
its blocks are as follows:

af = {4,5,6,8,9, 11}
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o5 = {3,4,5,7,8, 10}
o = {2,6,7,8,10, 11}
af = {2,3,5,9,10, 11}
as = {2,3,4,6,7,9)
af = {1,5,6,7,9, 10}
o = 11,3,7,8,9, 11}
a = {1,3,4,6,10, 11}
ds = {1,2,4,8,09 10}
&= 11,2, 4,5 7, 11}
&= {1, 2,3,5 6,8}

SOME KNOWN RESULTS

In this section, we consider some known
results about the related designs of a given 2- (v, 5, 4)
design D. The proofs of these theorems are found
in[1].

We recall that v represents the number of
points in D, k denotes the number of points in a
block and that A is the number of blocks
containing two distinct points. We let 5 denote
the number of blocks in D and let r denote the
number of blocks through a point.

Theorem 1. If D is a symmetric 2- (v, 1) design,
then its dual D7is again a symmetric 2- (vk,4)
design.

Observe that the dual of the 2-(11,5,2) design
given in Example 3 is again a symmetric 2-(11,5,2)
design.

Theorem 2. If D is a 2- (v,k, A} design with
25 k< v - 2, then its complement D is a
2—(v,v—kb~-2r +1) design.
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The 2- (11, 5,2)designhas b =11 and r=35.
Thus, in Example 4, one can veritfy that the
complement of the 2-(11,5,2) designisa2-(11, 6, 3)
design.

PALEY 2-DESIGNS OF QN-TYPE

In this section, we give the construction of the
Paley 2-designs of ON-type as described by N. Ito
in[2].

Let g be a prime power such that ¢ = 1{mod 4)
and let GFfg) be the field of g elements. Let Qand ¥
denote the sets of quadratic residues and
non-quadratic residues I;espectiveiy, of the
multiplicative group GF(g) . We introduce a new
symbol £. Then consider two disjoint copies of GF{g),
namely GF(g), and GF(qg),. For any a € GF(g), the
two mappigs which map a to a; and a, are
isomorphisms. For a subset S € GF(q), and fori =
1,2, the set S; is the image in GF(g); of S under the
ith mapping. The coset Q +a={x+a | x € Q}.
We define Q;+a; as (O+a);. The cosets N+ ¢ and
N;+a; aredefined analogously.

Let D=(P,B) be such that
P = GF(g), v GF(g), v {t} and
B={a Bla)a) | a e GFlg)} where

a=GF(q)y
Ala)=(Q1+a)) © {a1} v (h+ay); and
Ha)y=(Qy+a)) v {} v (Ny+ay).

Then Dis a symmetric

-1

2—(2q+1,q,25—J

design of Paley QN-type or simply a Paley
2-design of ON-type.

Example5
Let ¢g=>5. The quadratic residues of GF(5) are
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1 and 4. The non-quadratic residues are 2 and 3.
Thus Q = {1,4} and N = {2,3}. The blocks of the
corresponding Paley 2-design of ON-type are given
as follows:

a = {0y, 1y, 23, 33, 42}
A0y = {1, 4, 0y, 1p, 4}
Ay = {24, 01, 1y, 23, Oy}
A2) = {31, b, 2, 32, b
A3y = (4,21, 3), 42, 23}
A(4) = {01, 31, 41, 02, 32}
7(0) = {h, 4, t, 22, 3}
() = {21, 01, t, 32, 42}
7(2) = {31, 11, t, 42, 0z}
7(3) = {4, 21, 1, 0, Ip}
(@) = {0}, 3, t, 1y, 25}

Ii

We distinguish the Paley 2-designs of
ON-type from the other family of designs which
some literature refer to as Paley 2-designs. The
latter Paley 2-designs are also called designs of
quadratic residue type. Their point set is GF(g)
for g a prime power and g =3 (mod 4) and their
blocks are cosets of the set of quadratic residues
of GF(g). The blocks of the Paley 2-designs of
ON-type consist of both cosets of quadratic
residues (Q) and non-quadratic residues (N),
hence the name. Although the number of points
in the Paley 2-designs of QN-type 1s
2¢g + 1=3(mod4), it is not always a prime
power. The only time when the two Paley
2-designs are isomorphic is when the number of
pointsis 1.

SELF-DUALITY OF THE PALEY
2-DESIGNS OF QN-TYPE AND THEIR
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COMPLEMENTS

The main objective of this section is to show
that the Paley 2-Designs of ON-type and their
complements are self-dual. Henceforth, all
occurrences of ¢ will mean that ¢=p",
g= 1(mod 4),wherepisaprime numberand n1s
a positive integer.

Theorem 3
The Paley 2- designs of QN-type are
self-dual.

Proof:
We first construct the dual DY of D, the Paley

qg-1
2-|2g+1, g -—2—

design of QON-type. The point set pT of DT
consists of {@ } w {#a)|a € GF(g}} v

{7(a)| @ € GF(q)}.Theblocks of D are:

t = {y(a)]a e GF(};

a= (@} {B®)ac Q+biohb)lac 0+b),
where @y € GF(q);

a,= {a@}u{B )| a e Q+bru{N(D) |la e N+b3,
where @y € GF(g);-

Clearly, the bli)ck ¢ has g elements. Since both
Q and N have 1
Q+b and N + p also has 9

elements, each of the cosets

elements. Thus,

each block of D7 has g clements.

Consider the mapping ¢: P — pT suchthat
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i—>a
#:3ia) > Bla) foralla) e GF(q),
ar > y(a) foralla, € GF(q),

Then ¢ induces the following mapping of blocks:

a—>1t
¢: 3 Ha)—>a, foralla e GF(q)
y(a) » a; foralla e GF(g)

To see this, we first note that the block ¢z iIn.D
consists of all the elements of GF(g),.Now, ¢ maps
pointsin GF(g), toblocksofthe form y(a).In D°,
the block which contains all points of the form y(a) is
t. Thus & ismappedtot.

Next, a block of the form f(a) in D
consists of (O +ay) v {a;} v (O +ay). The
point ¢; is mapped to #(a),apoint b belongingto
O, + @y ismappedto F(b) andapoint 5, belong-
ingto (, +ay ismapped to y(b). Thus, the block
f(a) inDis mapped totheblock @) in D,

Finally, a block of the form y(a) in D
consists of (Q)+a;) W {t} U (Ny+ap). The
point#ismappedto ¢ . A point 5 belongingto O + g
is mapped to fAb). A point b
belor}gmg to N, +ap ismappedto y(b). Theblock

,consisting of such points «, A(b) and »(b) 1s
. Thus, the block p(a) in D is mapped to the
block ap n T

Since ¢ is a one-to-one onto mapping of points
to points which maps blocks to blocks, it1s an 1s0mor-
phism. Thus, we have D = D" and Dis self-dual.

The following theorem is considered as folklore
in Design Theory. Its proof, however, is not contained
in most of the books in basic Design Theory , so we
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present its proof here for completeness.

Theorem 4. If D is a symmetric 2- (v,k ,1)
design which 1s self-dual, then its complement, Dis
also self-dual.

Proof: Let ¢ be an isomorphism between 2 and D7
Then this 1mplles aca in D if and only if
@g(a) e g(a) in DY We claim that ¢ also
induces an isomorphism between DC and [D]" .
That is, we want to show thatyb c o in DF ifand
only if #(b) € p(@®) in [D°]

We first show  @#(a“) = [#(a)]"- The
element ¥ € #(a“) ifand only ifthereexists b € a*
such that @b)=x_ Since is an
isomorphism, b €&° if and onlyif #(b) &gl ).
But ¢(b) ¢ (e )ifandonlyif g(b) = x € [#(a)]"

Let p e 2 in D°. Suppose ¢(b) g o) =
[#(2)]°. Then #(b)  ¢(c )- But this would imply
b € o , acontradiction.

Suppose #(b) e #a”) but b ¢a”. Then
b e o andthisimplies #(b) € ¢ ),againacontra-
diction.

Thus, we have shown b e a“in D° ifand only
if §(b) € p(°) in [DC] Hence @ is anlsomor-
phism between D¢ and [DC] . Therefore, D° is
also self-dual.

Corollary 5. The complement of a Paley
2-design of ON-type is also self-dual.

Proof: This follows immediately from Theorems
3 and 4.
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