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Abstract— This study aims to develop an algorithm 
using Zernike polynomials and Fourier transform to 
provide a reliable measurement of refractive errors 
that will aid ophthalmologists and optometrists. A 
Shack-Hartmann wavefront sensor captures the 
wavefront of the eyes and provides the raw image 
that will be processed. The Fast Fourier Transform 
(FFT) of the image is computed and the magnitude 
and phase spectrum from two peaks surrounding 
the DC frequency are generated. These values are 
correlated and computations using formula for Zernike 
polynomials are performed. The outputs are spherical 
(SPH), cylindrical (CYL), and axial (AX) values which 
represent the refractive errors of the eyes. The results 
are displayed in the device and uploaded to a database 
which can be viewed at the website online. The device 
was able to provide a reliable measurement which can 
aid in conducting eye checkups. With this, refractive 
errors may be detected and corrected at an early stage 
to prevent severe vision impairments.
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I. Introduction

The human eye is an optical system that converts the light 
rays into messages that the brain interprets into images. 
Imperfections in the human eye cause the light rays to 

deviate and impair the quality of vision. This result to 
optical or wavefront aberrations which can be classified 
as lower-order or higher-order aberrations. The lower-
order aberrations (LOA) describe the refractive errors 
of the human eyes. The different types of LOA include 
myopia (nearsightedness), hyperopia (farsightedness), and 
astigmatism. [1][2]

Several innovative approaches have been developed 
in the field of ophthalmology in order to measure the 
refractive error of the human eyes [3][4]. One of the 
early methods incorporate the use of Snellen charts and 
phoropters. The Snellen charts are used to measure the 
visual acuity by having the patient identify letters from 
the chart within a certain distance. The eye specialist fine-
tunes the prescription using phoropter and asks the patient 
which set of lenses gives the sharpest vision. [5][6] These 
methods, however, are subjective since it depends solely 
on the feedback of the patient [7].

Over the last two decades, techniques of adaptive 
optics made way to the expansion of the wavefront-related 
technologies [3][4]. Through wavefront technology, the 
measurement of the refractive errors became objective, 
rather than subjective [7]. The most popular method being 
used currently is the Shack-Hartmann method [3]. In this 
study, an algorithm for measuring the refractive errors 
in the eyes using the raw image from a Shack-Hartmann 
wavefront sensor is developed through the use of Zernike 
polynomials and Fast Fourier Transform.

II. Theoretical Background

Refractive errors, when left uncorrected, may lead to 
severe vision impairments and in worst cases, may lead 
to blindness. Limited availability and the affordability 
of the eye checkups are some of the reasons why there 
are uncorrected refractive errors. The World Health 
Organization (WHO) said that providing effective and 
accessible eye care services is the key to solve the problem 
with uncorrected refractive errors. [8][9] [10]
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The imperfections in the human eye can now be 
measured more efficiently through wavefront aberrometry. 
Wavefront describes these imperfections objectively by how 
the light traveled through the eyes. Since then, expressing 
these aberrations using mathematical equations has become 
necessary. Various reconstruction techniques were developed 
in order to describe the wavefront of the eyes and quantify 
the refractive errors present. These include the Zernike 
polynomials and Fourier transform. Before performing 
mathematical techniques, wave aberrations in the eyes are 
sensed using an apparatus such as the Shack-Hartmann 
sensor. [3][11]

A.	 Shack-Hartmann Wavefront Sensor

Fig. 1. Principle of the Shack-Hartmann Wavefront Sensor

The Shack-Hartmann wavefront sensor was developed 
in the late 1960’s by the University of Arizona. It was 
originally purposed for large telescopes to resolve the 
problem with atmospheric turbulence. The sensor was first 
used for ophthalmic application in the mid-1980’s. This 
led to the advancements in the treatment of the refractive 
errors and other applications that helped in the field of 
ophthalmology. [12][13]

The Shack-Hartmann wavefront sensor measures the 
aberrations through the outgoing light being reflected by the 
retina. It is mainly composed of the microlens array and the 
charge-coupled device (CCD). The microlens array focuses 
the light as it is subdivided into small beams to the CCD 
array. [4][14] The CCD camera then captures the wavefront 
of light, providing the raw data containing red dots. Figure 
1 shows the principle of the Shack-Hartmann wavefront 
sensor. The output, which serves as the raw data will be 
analyzed mathematically to quantify the refractive errors 
present in the eyes.

B.	 Zernike Polynomials

Zernike polynomials are often defined as a complete 
set of orthogonal polynomials inside a unit circle domain. 

The shape of the wavefront can be analyzed by expanding it 
into sets of Zernike polynomials. The Zernike expansion is 
a well-established method for reconstructing the wavefront 
aberrations in the field of optics. [15][16] 

TABLE I
Zernike Polynomials in Polar Coordinates

# n m Polynomial

0 0 0 1

1 1 1 ρcos(θ)

2 1 –1 ρsin(θ)

3 2 0 –1+2ρ2

4 2 2 cos(2θ)

5 2 –2 sin(2θ)

The degrees of the polynomials maybe classified as 
a lower-order aberration or a higher-order aberration. The 
lower-order aberrations comprise the spherocylindrical 
or refractive errors present in the eyes [17]. The Zernike 
polynomials, as used in this study and shown in Table 1, are 
usually expressed in polar coordinates [18]. 

C.	 Fast Fourier Transform

When defocus occurs in the eyes, measuring the 
refractive error by calculating the displacements of the spots 
in the Shack-Hartmann grid becomes unclear. Using the 
Fourier transform models the image as a two-dimensional 
array of delta functions in the frequency domain. Using 
Fourier analysis provides a wide-ranging evaluation 
for every single spot in the Fourier space contains all 
information about the pupil. [16][19]

Using two peaks from the Fourier transformed image, 
it is possible to compute for the refractive errors. Any  
two peaks from the central of DC frequency may be 
used. Noise tends to get pushed to the edge of the Fourier 
image since it has higher frequencies, therefore making 
the surrounding peaks free from being corrupted. [19] 
Correlating the two values obtained from the Fourier 
transformed image will provide the values of spherical, 
cylindrical, and axis.

III. Methodology

This section explains the procedures used to develop  
the algorithm for measuring refractive errors in the human 
eyes.
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Fig. 2. General Block Diagram

Fig. 3.  Raw image from the Wavefront Sensor

Figure 2 shows the general block diagram of the whole 
process. The input is the outgoing light from the human 
eye. The Shack-Hartmann wavefront sensor captures the  
wave aberrations from the eyes. The output, as shown in 
Figure 3, will serve as the raw image for performing the 
algorithm. 

charge-coupled device (CCD). The microlens array focuses 
the light as it is subdivided into small beams to the CCD 
array. [4][14] The CCD camera then captures the wavefront 
of light, providing the raw data containing red dots. Figure 1 
shows the principle of the Shack-Hartmann wavefront sensor. 
The output, which serves as the raw data will be analyzed 
mathematically to quantify the refractive errors present in the 
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B. Zernike Polynomials 
Zernike polynomials are often defined as a complete set of 
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shape of the wavefront can be analyzed by expanding it into 
sets of Zernike polynomials. The Zernike expansion is a well-
established method for reconstructing the wavefront 
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refractive errors present in the eyes [17]. The Zernike 
polynomials, as used in this study and shown in Table 1, are 
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C. Fast Fourier Transform 
When defocus occurs in the eyes, measuring the refractive 

error by calculating the displacements of the spots in the 
Shack-Hartmann grid becomes unclear. Using the Fourier 
transform models the image as a two-dimensional array of 
delta functions in the frequency domain. Using Fourier 
analysis provides a wide-ranging evaluation for every single 
spot in the Fourier space contains all information about the 
pupil. [16][19] 

Using two peaks from the Fourier transformed image, it 
is possible to compute for the refractive errors. Any two 
peaks from the central of DC frequency may be used. Noise 
tends to get pushed to the edge of the Fourier image since it 
has higher frequencies, therefore making the surrounding 
peaks free from being corrupted. [19] Correlating the two 
values obtained from the Fourier transformed image will 
provide the values of spherical, cylindrical, and axis. 
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 This section explains the procedures used to develop 
the algorithm for measuring refractive errors in the human 
eyes. 

Figure 2. General Block Diagram 

Figure 3. Raw image from the Wavefront Sensor 

Figure 2 shows the general block diagram of the whole 
process. The input is the outgoing light from the human eye. 
The Shack-Hartmann wavefront sensor captures the wave 
aberrations from the eyes. The output, as shown in Figure 3, 
will serve as the raw image for performing the algorithm.  

Figure 4. Block diagram of the Algorithm 

    Figure 4 shows the process of performing the algorithm on 
the raw image obtained from the Shack-Hartmann wavefront 
sensor. Before executing the Fourier transform, the image is 
processed to reduce the noise. Gaussian filtering smoothens 

TABLE I
ZERNIKE POLYNOMIALS IN POLAR COORDINATES

# n m Polynomial

0 0 0 1

1 1 1 ρcos(ϴ)

2 1 -1 ρsin(ϴ)

3 2 0 -1+2ρ2

4 2 2 cos(2ϴ)

5 2 -2 sin(2ϴ)

Fig. 4. Block diagram of the Algorithm

Figure 4 shows the process of performing the algorithm 
on the raw image obtained from the Shack-Hartmann 
wavefront sensor. Before executing the Fourier transform, 
the image is processed to reduce the noise. Gaussian filtering 
smoothens the image  and is highly effective in eliminating 
Gaussian noise. [20] The median filter is also applied to 
further improve the image. After these processes, the filtered 
image will be reconstructed using the fast Fourier transform.

(a)

(b)

Fig. 5. (a) Phase spectrum (b) Magnitude spectrum
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The phase (Fig 8.a) and magnitude (Fig 8.b) spectrum 
are generated from the Fourier transform image. From the 
central peak, two peaks were chosen, and the values of 
those two peaks were obtained. The correlations of these 
two values will be used in some mathematical computations 
using Zernike polynomials. From these, the values of the 
refractive errors are obtained. These are the spherical (SPH), 
cylindrical (CYL) and axial (AX) values, respectively.

(a)

(b)

Fig. 6. Sample result from the (a) GUI (b) website

After the conducting an eye checkup, results can 
be seen through the graphical user interface (GUI) of 
the Shack-Hartmann wavefront sensor as shown in  

Figure 9.a. The parameters, SPH, CYL, and AX for both 
the left and right eyes are displayed as well as the filename 
that is assigned for every checkup of the eye. The filename 
serves as the reference for the users when they access the 
checkup results in the website as seen in Figure 9.b. The 
website is accessible as soon as the user has access to the 
internet. The results are uploaded and updated in real-time. 

IV. Results

The results and evaluation of the algorithm for 
measuring refractive errors using Zernike polynomials and 
Fourier transform are explained in this section.

(a)

(b)

(c)

Fig. 7.  Confusion matrix representation of values for (a) 
spherical (b) cylindrical (c) axial
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Confusion matrix allows data to be analyzed by 
comparing it to the true values. [21] To assess the reliability 
of the algorithm for the Shack-Hartmann wavefront sensor, 
refractive errors of 30 people were gathered. Figure 10 shows 
the result of the comparison of the clinical autorefractor and 
SOLLA Eye Check using confusion matrix. Since results 
from autorefractometers are affected by various factors and 
varies up to ±0.50D [22][23], the true positives included the 
yellow-shaded area of the confusion matrix. The clinical 
results serve as the true or actual value while the results 
from the algorithm for the wavefront sensor serve as the 
predicted values.

TABLE II
Spherical Values

Measure Calculated Values
Accuracy 0.9

Misclassification Rate 0.1
Miss Rate (False Negative Rate) 0

Fall-out (False Positive Rate) 0.4286

TABLE III
Cylindrical Values

Measure Calculated Values
Accuracy 0.6667

Misclassification Rate 0.3333
Miss Rate (False Negative Rate) 0.3448

Fall-out (False Positive Rate) 0

TABLE IV
Axial Values

Measure Calculated Values
Accuracy 0.8

Misclassification Rate 0.2
Miss Rate (False Negative Rate) 0.6667

Fall-out (False Positive Rate) 0

There are many measures that can be used to interpret 
the confusion matrix. Among these are the accuracy, 
misclassification or error rate, miss rate, and fall-out rate 
[24]. These measures are applicable for this study. The 
accuracy rate shows what percentage of the data gathered 
matched the results of the clinical autorefractometer within 
the range of ±0.50D, while the misclassification or error rate 
shows the percentage that weren’t in the acceptable range. 
The miss rate, also known as the false negative rate, shows 

the times that the autorefractometer has a high result but the 
algorithm yielded a lower result. On the other hand, fall-out 
rate, also known as the false positive or false-alarm rate, 
shows the times that the predicted values were higher than 
the actual values. Tables 2-4 shows the calculated values 
using the different measures mentioned.

Based on the analysis of the confusion matrix, the 
accuracy of the algorithm for the wavefront sensor is about 
0.7889 or 78.89% and the misclassification rate is about 
0.2111 or 21.11%. The average miss rate is 0.3371 or 33.71% 
and the average fall-out rate is 0.1429 or 14.29%. Hence, the 
prototype may be used as basis for eye checkups.

V. Conclusion

The algorithm developed using Zernike polynomials 
and Fourier transform for the Shack-Hartmann wavefront 
sensor was able to give reliable results for eye checkups. 
The Fourier transform can be used to analyze the wavefront 
errors of the eyes instead of iterating and computing values 
of spot displacements in the CCD space. The correlation 
of the two peak values from the Fourier space can be used 
for Zernike computations to yield the refractive errors of 
the eyes. The results of statistical analysis show that the 
algorithm successfully extracted the values of the spherical, 
cylindrical, and axial errors using the raw image from the 
sensor.

With the use of the prototype, the refractive errors may 
be detected at an early stage. The immediate correction 
of refractive errors using contact lenses, eyeglasses, or 
refractive surgeries will prevent further complications that 
may occur most specially to lower aged users. This prototype 
will provide low-cost but efficient and highly-accessible 
eye care service.

VI. Future Works

The researchers recommend using a Shack-Hartmann 
wavefront sensor that give a high-definition image as an 
output. It is also recommended to use a better microcontroller 
for high-speed processing. Furthermore, the researchers 
suggest that the factors affecting the eye checkups be 
considered. The patient should not be dizzy or tired and other 
light sources aside from the light reflected by the retina of 
the patient’s eyes should be prevented from being captured 
by the Shack-Hartmann wavefront sensor.
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