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Abstract:
This paper defines a variation of the generalization of the Mycielskian of a graph G, called the

Mycielskian of G with index t denoted by µ[t](G), t ∈ N∪{0}. The generalization of the Mycielskian
of a graph G, sometimes called cones over graphs was first introduced by Stiebitz in 1985 which was
late studied by C. Tardif in 2001 and Lin et al in 2006. One interesting property of the Mycielskian
of G is that whenever G is k-colorable, µ(G) is k + 1- colorable. This paper shows that if G is

k-colorable, then µ[t](G) is k+1-colorable. And by applying the generalized Mycielskian with index
t repeatedly on the resulting graphs m times we obtain a graph that is k +m-coorable.
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1. INTRODUCTION

In this study, by graph, we mean a simple connected
graph without loops and multiple edges. For the basic
notion of graph theory concepts not specifically defined
here, we refer the readers to the book by R. Diestel [1].

In 1955, J. Mycielski defined a graph construction that
preserves the property of a graph being triangle-free but
increases its chromatic number. Increasing the chromatic
number of the resulting graph is obtained by repeatedly
applying the graph construction.

For a graph G with a vertex set V (G) = V and edge
set E(G) = E, the Mycieslskian of G denoted by µ(G) is
the graph with vertex set V ∪ V ′ ∪ {u}, where V ′ = {v′ :
v ∈ V }, and edge set E∪{xy′ : xy ∈ E}∪{y′u : y′ ∈ V ′}.
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µ(P4)

Fig. 1: The path graph on 4 vertices and its
Mycielskian, µ(P4).

A proper k-coloring or simply a k-coloring of the ver-
tices of G is an assignment of colors to the vertices
so that adjacent vertices have distinct colors; that is,

c : V (G) 7→ {1, 2, . . . , k}. The minimal number of colors
in a vertex coloring of G is called the chromatic number
of G denoted by χ(G). The clique number of a graph,
ω(G) is the maximal order of a complete subgraph of
G. Mycielski’s graph construction preserves the prop-
erty of a graph being triangle-free and increases its chro-
matic number. By applying the construction repeatedly
to a graph, one can construct a triangle-free graph with
a large chromatic number.

Theorem 1. [3] For any connected graph G,

1. χ(µ(G)) = χ(G) + 1.

2. the clique number of the Mycielskian of G is equal
to the clique number of G.

Theorem 2. [3] If G is a triangle-free graph, then µ(G)
is also triangle-free.

In [5], C. Tardif studied properties of the generalized
Mycielskian of a graph G, which he also called cones over
a graph. This was first introduced in 1985 by M Stieb-
itz [4] in a thesis entitled Contributions to the theory of
colour critical graphs. Let G be a graph with vertex set
V 0 = {v01 , v02 , . . . , v0n} and edge set E0. For any integer
m ≥ 1, the m-Mycielskian of G denoted by µm(G) is the
graph with vertex set

V 0 ∪ V 1 ∪ · · · ∪ V m ∪ {u},

where V i = {vij : v0j ∈ V 0} is the ith distinct copy of V 0

for i = 1, 2, . . . ,m and edge set

E0 ∪

(
m−1⋃
i=0

{vijvi+1
j′ : v0j v

0
j′ ∈ E0}

)
∪ {vmj u : vmj ∈ V m}.
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3-µ(P4)

Fig. 2: The path graph on 4 vertices and its
3-Mycielskian.

In 1998, Fisher et al. [2] studied the Hamiltonicity,
diameter domination, packing, and biclique partition of
the generalized Mycielskian of a graph.

2. MYCIELSKIAN OF A GRAPH
WITH INDEX t

Let G be a graph with vertex set V 0 = {v01 , v02 , . . . , v0n}
and edge set E0. For any integer t ≥ 1, the Mycielskian
of G with index t denoted by µ[t](G) is the graph with
vertex set

V 0 ∪ V 1 ∪ · · · ∪ V t ∪ {u},

where V i = {vij : v0j ∈ V 0} is the ith distinct copy of V 0

for i = 1, 2, . . . , t and edge set

E0∪

(
t−1⋃
i=1

{v0j vij′ : v0j v0j′ ∈ E0}

)
∪{viu : vi ∈ V i, i = 1, . . . , t}.

For any t ≥ 1, one can easily see that the set

V 1 ∪ · · · ∪ V t

is an independent set in µ[t](G). Moreover, u is not adja-
cent to any vertex in V 0. From this definition, the notion
of a graph being triangle-free is also preserved in the
graph µ[t](G), as shown in the following theorem.

Theorem 3. If a graph G is triangle-free, then for any
t ≥ 1 µ[t](G) is also triangle free.

Proof. Suppose G is triangle-free and let

V 0 ∪ V 1 ∪ · · · ∪ V k ∪ {u},
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Fig. 3: The path graph on 3 vertices and its
Mycielskian with index 3, µ[3](P3).

be the vertex set of µ[t](G) where V i = {vij : v0j ∈ V 0} is

the ith distinct copy of V 0 for i = 1, 2, . . . , k. Note that
the subgraph induced by the vertices V 0 ∪ V i ∪ {u} is
isomorphic to µ(G), thus by Theorem 2, no triangle can
be formed from the vertices of these subgraphs. Since
V ∗ =

⋃t
i=1 V

i forms an independent set, no triangles can
be formed if two or three vertices are in V ∗. Any triple
{x, y, u} where x ∈ V 0, y ∈ V ∗, u cannot be a triangle
since u is not adjacent to any vertex in V 0. Similarly, no
triangles of the form {x, y, u} where x, y ∈ V 0, u. Thus,
in any case if G is triangle-free, then so is µ[t](G).

Theorem 4. If G is a graph on n vertices is k-colorable,
then for t ≥ 1 µ[t](G) is k + 1-colorable.

Proof. Let t, k be positive integers. Consider a proper k-
coloring of G, say c : V (G) 7→ {1, 2, . . . , k}. Note that the
coloring c′ : V (µ[t](G))− {u} 7→ {1, 2, . . . , k} is a proper
k-coloring of µ[t](G)−{u} defined by c′(vij) = c(vj) where

i = 1, . . . , t j = 1, 2, . . . , n. If c′(vij) ∈ {1, 2, . . . , k−1} for
all i = 1, . . . , t then we can defined a proper k−1 coloring
of G. This implies that we can find a k − 1-coloring for
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G which is a contradiction since G is k-colorable. Thus
c(u) ̸∈ {1, 2, . . . , k}. Hence any proper coloring of µ[t](G)
should have at least k + 1 colors.

By applying this variant of the generalized Mycielskian
repeatedly on the resulting graph, one can construct a
triangle-free graph with an arbitrarily large chromatic
number. Note that Theorem 4, implies that for any
graph G that is k-colorable, µ[t](G) is k + 1 colorable.
Thus applying the generalized Mycielskian of index t on

G1 = µ[t](G), the graph µ[t](G1) = µ[t](µ[t](G)) is k + 2-
colorable. By applying this construction repeatedly say
m times, we now obtain a graph that is k +m-colorable
and let the resulting graph be denoted by m-µ[t](G). We
state this result as the following theorem.

Theorem 5. Let m, t be positive integers. For any sim-
ple connected graph G, if G is k-colorable, then m-µ[t](G)

is k +m colorable.
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