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Abstract:
One of the problems of many countries is the rapid increase in population. This huge population

growth rate, creates risks not only to the people but also to the environment. For this reason,
several countries such as the Philippines attempted to resolve this issue by putting reproductive
health policies into action. In this study, we constructed a Leslie matrix model by using fertility,
survival rates, and population data to forecast whether the population of the Philippines and other
selected Asian countries, is increasing or decreasing. For further insights, we also determined the
value of dominant eigenvalue and mean absolute percentage error (MAPE) of the other selected
Asian countries for comparison in the same year. In 2005, Philippines had a dominant eigenvalue
λ, less than 1 which indicates that the population was actually decreasing with a MAPE of 9− 13%
which explains why the forecasting is not acceptable. As a result, we propose sensitivity analysis to
countries with MAPE of greater than 10% to give a valid forecast.
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1. INTRODUCTION

As of 2017, the Philippines has a population close to a
100 million and the rate of increase in population is ex-
tremely high. In 2011, the Philippines is among the most
populous country in the world. However, the growth rate
of the Philippines is slowly declining but this growth rate
is still higher than the average global population. It is
expected that the Philippines will even have a faster pop-
ulation growth rate than India and China. In South-
east Asia, the Philippines is only second to Indonesia in
terms of population size. However, in the next 20 years,
the greatest relative increase in population for Southeast
Asia will be in the Philippines. The continued positive
population growth rate and its slow decline in the Philip-
pines are due to the continued relatively high total fertil-
ity rate. High fertility is due to unwanted child-bearing,
and a desired family size of more than two children. Pop-
ulation growth and population structures are two of the
main factors for sustainable development. Thus, there
is a need of precise calculation for future population.
Several countries have already expressed their concern
about high population growth and started formulating
reproductive health policies. Unpredictable population
growth puts pressures on natural resources, human well-
being, and global warming. With this, many countries

including the first world countries have raised concerns
regarding increasing population growth rates. As one of
the countries that signed the 1967 United Nation Decla-
ration of Population and the 1994 Statement of Popula-
tion Stabilization of World Leaders, the Philippines rec-
ognized the population problem as a principal element
in long-term planning if governments are to achieve their
economic goals and full the aspirations of their people.
Due to this concern, there is a great need to forecast
population.

There are various methods used for forecasting popu-
lation, each assuming various factors and assumptions.
In [1], [6], both made use of the Leslie matrix to fore-
cast the population. In [1], a Leslie model for Ghana
is fitted using accessible fertility and survival rates from
the World Health Organization and the Ghana Statisti-
cal Service. In [6] another study on the use of the Leslie
matrix model was conducted. A Leslie matrix is made
that predicts female population in the United States with
5-year intervals from the years 2000 to 2020. Testing the
accuracy of this framework, the forecasted population of
the year 2010 is compared with the actual information of
the female population in the United States received from
the 2010 U.S.census. In view of the results, forecast is not
dependable for the age class 0-10 also for the age class of
85 years and beyond. This result is upheld by our per-
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cent mistake computations, which demonstrate greatest
error in forecast to be 8%, though at extremes it sur-
passes well over half. An attempt is made in this paper
for the population of the Philippines using the base year
2005 and 2014, we forecast for the population of years
2010 and 2019, respectively. Furthermore, a forecast for
the year 2015 was determined using the 2005 as the base
year and the forecasted 2010 population. Whenever the
actual population is available, the MAPE is a method
to check between the actual and forecasted population is
computed. As a rule of thumb, if the MAPE is less than
10% [46], the forecast is acceptable. Moreover, this pro-
cedure was applied to other selected Asian countries such
as Azerbaijan, Iran, Israel, Japan, Kyrgyztan, Maldives,
Singapore and Thailand . A country is selected if there
is an available population and fertility data and survival
rates. Two sets which are 5 years apart are needed for
each country.

2. LESLIE MATRIX MODEL

The simplest age-structured model for population fore-
cast is the Leslie Model. The model was named after
Patrick H. Leslie (1900-1974) who created and developed
it in 1945. Leslie matrix is a discrete, age-structured
model of population growth that is well-known and
mostly used in population ecology. The matrix form
makes the model flexible and mathematically easy to
study. The Leslie matrix (also called the Leslie Model)
is also one of the best-known ways to project the present
state of a population into the future; either as an at-
tempt to forecast the age distribution, or as a way to
evaluate life history hypotheses by considering different
sets of survival and fertility parameters and where only
one sex, usually the female, is considered. This is also
used to model the changes in a population of organisms
over a certain period. Leslie matrix is generally applied to
populations with annual breeding cycle. In many species,
reproduction is highly age-dependent. For instance, pe-
riodical cicadas spend 13-17 years in the nymphal stage;
they only reproduce once in their lifetime. Many ani-
mals, such as humans, elephants, etc., do not reproduce
during their first years and their reproductive success is
age-dependent. To model such situations, age-dependent
population models are appropriate. Patrick Leslie intro-
duced matrix models that have discrete age classes with
synchronous reproduction [16]. The models are parame-
terized by age-specific survival probabilities and average
number of female offsprings. An age-structured popula-
tion with k age classes is described by a population vector

of length k where Fj denotes the number of females in age
class j. Individuals within an age class are assumed to
have equal birth and death probabilities. Survival from
age class j to j + 1 is given by probability Sj ; each of
the Fj in age class j give birth to nj(t) at time t on the
average.

In Matrix notation, the Leslie matrix model is as fol-
lows:


n1(t+ 1)

n2(t+ 1)
...

nk(t+ 1)

 =



F1 F2 . . . . . . Fk

S1 0 . . . . . . 0

0 S2 0 . . . 0
...

...
...

...
...

0 0 . . . Sk−1 0




n1(t)

n2(t)
...

nk(t)


n(t + 1) = Ln(t)

The matrix contains both the survival probabilities (just
below the diagonal) and the fertility rates (in the first
row). The matrix L is called the Leslie matrix.

An extension of the fundamental Leslie matrix is the
two-sex model that enables one to get the quantity of
both males and females in the population from age zero
to the most extreme age [3]. Let the vector

nj(t) =
[
n0F (t) . . . nkF (t) n0M (t) . . . nkM (t)

]T
,

represent the number of females njF and males njM , of
age j = 1, 2, . . . , k in the population at time t.

3. EIGENVALUE AND SENSITIVITY
ANALYSIS

The Leslie matrix model is one of the most popular tool
used in population dynamics. The behavior of a complex
system is described with eigenvalues and eigenvectors.
One of the eigenvalues of the Leslie matrix is called the
dominant eigenvalue . The dominant eigenvalue λ, is
equal to the eigenvalue with the highest magnitude. If
λ > 1 then the population is said to be increasing; if
λ < 1, then the population is said to be decreasing; and
if λ = 1, then the population is said to be stable. The
annual rate of increase or decrease r, of the population is
given by the logarithm of the dominant eigenvalue, that
is, r = log(λ). The sensitivity analysis is done by chang-
ing an entry in the Leslie matrix, this entry must either
be a survival or fertility rate. Then, the new dominant
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eigenvalue is computed, to see if there is a increase or
decrease in its value. The fundamental equation for the
sensitivity of the dominant eigenvalue to a little change

in the component ai,j is presented as : S =
∂λ

∂ai,j
. This

shows that S represents the ratio of the change in λ to
the change in the (i, j)th element of the Leslie matrix.

4. DATA DESCRIPTION

The data used were obtained from two main sources.
These are the World Health Organization [30] and United
Nations Statistical Yearbook for years 2003 to 2015. The
population data were obtained from theUnited Nation
Statistical Yearbook, while the fertility rates were com-
puted from the data given in the United Nations Statis-
tical Yearbook. The fertility rates for women FjW were
computed from the data given in United Nations Statis-
tical Yearbook. Fertility rates for women were computed
by getting the quotient of the number of female live births
to the number of women in the same age group. Simi-
larly, the fertility rates for men FjM is the quotient of
the number of male live births to the number of women
in the same age group. Survival rates were also obtained
from World Health Organization [30]. The data used for
the selected Asian countries were the latest available data
such that there is a population forecast for the year 2017
or beyond.

5. METHODOLOGY

For each country it was checked if two sets of data
are available. These two sets of data must be 5 years
apart. For instance, the population data for the year
Y and year Y + 5 are available. Considering Y as the
base year, a Leslie matrix for year Y was constructed.
This matrix was used to obtain a population forecast
for the year Y + 5 and compared to the actual data of
the year Y + 5. This was done by computing for the
mean absolute percentage error or MAPE. Computed by

MAPE =

∑
|et/At|
n

×100, where et is the forecast error

for period t, n is the number of periods of evaluation and
At is the actual population for period t. If the MAPE
obtained is less than 10% then the resulting forecast pop-
ulation is acceptable. Then, a forecast for the population
Y + 10 is determined. Using R statistical software the
value of the dominant eigenvalue for year Y is computed
and if also for year Y + 5, if data is complete. Further-

more, for the Philippine data, sensitivity analysis was
undertaken for the year 2005.

6. SUMMARY AND CONCLUSION

6.1. The Philippines

Using the data available for 2005, a two sex Leslie ma-
trix was constructed. Using this Leslie matrix a forecast
for the population of 2010 was obtained. However, this
forecast yielded a MAPE of 9.38% for females, 12.14% for
males and 10.29% for the total population. Using same
the Leslie matrix, a forecast for the year 2015 was also
obtained and the results of the MAPE were around 16%,
as expected it gave poorer results that the 2010 forecast.
The forecasted, actual, and data are presented in Tables
1, 2 and 3. To compare these results, a graph is given in
Figure 1.

The results of by the Philippine forecast using the
Leslie matrix model are considered poor. One possible
reason for this is due tot he fact that the Leslie matrix
for the 2005 data gave a dominant value λ of 0.80. This
value, since it is less than unity, suggests that the Philip-
pine population of 2005 was decreasing. However, it is a
known fact that Philippine population is increasing. This
conflicting result between theoretical and actual, could
possibly explain the poor result given by the Leslie ma-
trix model. Hence, a sensitivity analysis was performed.
The results are presented in Table 4. An arbitrary num-
ber is chosen to add at a time for each male fertility entry
The arbitrary number chosen is 0.9. This increased the
forecasted male population, at the same time the domi-
nating eigenvalue increased for each changed of entry and
the MAPE gave results less than 10%.

Another Leslie matrix was constructed using the 2014
Philippine data, the latest available. However, this 2014
matrix gave a dominant eigenvalue of 0.7. Again, since
λ is less than unity, this goes against the increasing be-
haviour of Philippine population. This conflicting result
between the actual growth in population and the value
of λ, suggests that the a 2019 forecast may not be ac-
ceptable.
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Table 1: 2005 Philippine data on fertility, survival and
dominant eigenvalue

Table 2: Philippine female population in 2005, 2010,
2015 and forecast for 2010 and 2015

Table 3: Philippine male population in 2005, 2010, 2015
and forecast for 2010 and 2015

Figure 1: Philippine total population by age

Table 4: Sensitivity ratios

6.2. Selected Asian countries

The MAPE results for the other Asian countries are
given below. A graphical representation of the actual
and forecasted population are also presented. The actual
and forecasted for the male and female population of the
other Asian Countries are in the Appendix. Any coun-
tries which gave a MAPE of less than 10% are presented.
Countries like India, Malaysia, Qatar, and Oman which
gave MAPE results of greater than 10% were not further
studied.

Azerbaijan and Iran
For Azerbaijan data, the base year was 2007. A fore-

cast for years 2012 and 2017 was obtained. The MAPE
comparing the actual and forecast for 2012 data were all
between 8− 10% (see Tables 5). For Iran data, the base
year was 2006. A forecast for years 2011 and 2016 was
obtained. The MAPE comparing the actual and forecast
for 2011 data were all between 7− 9% (see Table 5).

Table 5: MAPE and λ for Azerbaijan and Iran
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Figure 2: Total actual and forecast population for
Azerbaijan

Israel and Japan
For Israel data, the base year was 2009. A forecast for

years 2014 and 2019 was obtained. The MAPE compar-
ing the actual and forecast for 2014 data were all between
5− 7% (see Table 6). For Japan data, the base year was
2006. A forecast for years 2011 and 2016 was obtained.
The MAPE comparing the actual and forecast for 2011
data were all between 5− 7% (see Table 6).

Table 6: MAPE and λ for Israel and Japan

Figure 5: Total actual and forecast population for Japan

Singapore and Thailand
For Singapore data, the base year was 2009. A fore-

cast for years 2014 and 2019 was obtained. The MAPE
comparing the actual and forecast for 2012 data were all

between 6−7% (see Table 8). For Thailand data, the base
year was 2007. A forecast for years 2012 and 2017 was
obtained. The MAPE comparing the actual and forecast
for 2012 data were all between 7− 8% (see Table 8).

Table 8: MAPE and λ for Singapore and Thailand

Figure 8: Total actual and forecast population for
Singapore

Figure 9: Total actual and forecast population for
Thailand

7. RECOMMENDATIONS,
SUMMARY AND CONCLUSIONS

The Leslie matrix was used to forecast the population
of a country. This forecast was used to compare with
actual population for the same year. The MAPE value
resulted to values less than 10% which implies that the
forecast is acceptable. In fact, Japan and Israel got the
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lowest MAPE ranging from 6 − 7%. This suggests that
the forecast is close to the actual population. However,
the Leslie matrix was not applicable to some countries
such as Oman and Qatar which has a MAPE of between
18− 28%. The Philippine population also did not return
acceptable results. For selected countries with MAPE of
at least 10%, we recommend other models or method to
be applied. We also recommend sensitivity analysis in
countries with MAPE of at least 10% to improve fore-
casted values. Another important observation is that the
Leslie Matrix forecasts are generally not acceptable for
the age 0-4. This is shown in the high APE for this age
range in almost all countries.

It is also clear that the forecast will be better, if the
dominant eigenvalue λ agrees with how the population
is known to behave. In other words, countries known to
have increasing population, should have Leslie matrices

formed from their populations having λ values of greater
than unity; and those with known decreasing population
should yield Leslie matrices with λ values less than unity.
Hence, we can suggests that a preliminary investigation
of the λ value obtained from population data of a country
we first obtained. If this value agrees with the behaviour
of the population, then proceed with the forecast. If the
value disagrees, then use a different method to forecast
the population.

The Leslie matrix model are dependent on fertility
rates, thus so are the projected values. It is possible that
the projected population is poor because of the inaccu-
rate fertility rates available. Thus, we suggests perform-
ing sensitivity analysis, with the aim of improving the
fertility rates and thus give a better forecast. Further-
more, we also recommend that the Leslie matrix model
be used to other countries aside from Asian countries.
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