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Abstract: There had been numerous studies on certain graphs to have a harmonious
labeling. In recent times, an alteration of the definition of harmonious graphs had
been done to come up with special types of harmonious labeling. Beatress and
Sarasija (2016) introduced a new harmonious labeling called square harmonious

labelling. Formally, an injective function f:V(G) —>{112,...,k2 +1} i1s a square
harmonious labeling of a graph G=(V(G),E(G)), with k& edges, if f induces a
f*:E(G) —>{L4,9,...,k2} , which is  defined by
£ (uv) =(f (u)+ f(v))mod(k2 +1), where uve E(G) for u,veV(G). A graph that satisfies a

square harmonious labeling is a square harmonious graph. In this study on square

bijective mapping

harmonious graphs, the authors were able to establish that certain graphs that
include paths P, admit a square harmonious labeling. This paper presents an

alternative algorithm to show that paths are square harmonious.

Key Words: Paths; square harmonious labeling/graph; algorithm; injective function
(injection); bijective mapping (bijection)

1. Introduction

A graph G is said to be labeled if its n

A graph G=(\(G),E(G))is an ordered pair
grap V©).EG) pat vertices are distinguished from one another by labels

of nonempty set V(G) called the vertex set of G and

the set E(G) called the edge set. We say vertices u
and v are adjacent to each other if there is an edge
e joining u and v and we write e =uv . Furthermore,
e is said to be incident to both u and vor vand u
are incident to e . As in most works in graph theory,
the focus of this study is on simple graphs only, that
is, those graphs with no multiple edges (two or more
edges incident to two the same vertices) or no Joop
(an edge that connects a vertex to itself).

such as Vj,V2,V3,...,V, . It is assumed in most labelings

that the set of natural numbers is the source of the
vertex labels (though sometimes the set of possible
labels may include 0). Graph labelings need to satisfy
the following: (1) a set of numbers from which the
vertex labels are chosen; (2) a rule that assigns a
value to each edge; and, (3) a condition that these
values in (1) and/or (2) must satisfy.



Labeling of graphs has evolved as one of the
more popular sub-fields of graph theory. A particular
way to label graphs that was introduced by Graham
and Sloane in 1979 focused on obtaining what is
called a harmonious graph.

Consider a graph G =(V(G),E(G)) with K
edges. A function f defined by

f:V(G) > {123, k-1k}

is called a harmonious labeling of G if f is injective
and it induces a bijective function f* defined by

f*(e) =(f(u)+ f(v))mod (k +1) ,
where e=uv for u,veV(G), ecE(G).

Correspondingly, the graph satisfying the
indicated property is called a harmonious graph.
That is, a harmonious graph exists if it is possible to
label its vertices with distinct values from the set
{1,2,3,..., k-1, k} such that every element of the

aforementioned set occurs uniquely as an edge sum
of G.

Over time though, there had been
modifications done to generate new types of
harmonious graphs. A recent result was that of
Beatress and Sarasija (2016), wherein they
introduced a new labeling called square harmonious
labeling.

On the other hand, there had been numerous
labeling results involving paths. Some results are
that paths: (1) are graceful (Rosa, 1967); (2) have
prime labeling (Fu and Huang, 1994; Deepa,
Maheswari, and Indirani, 2016); (3) admit edge-
magic total labeling (Wallis, Baskoro, Miller, and
Slamin, 2000), vertex-magic total labeling for 3 or
more vertices (MacDougall, Miller, Slamin, and
Wallis, 2002), and super vertex-magic total labeling
(Swaminathan and Jeyanthi, 2003); (4) have
antimagic labeling for 3 or more vertices (Hartsfield
and Ringel, 1990) and (a,d)— vertex-antimagic total
labeling (Baca, Bertault, MacDougall, Miller,
Simanjuntak, and Slamin, 2003); and (5) are square

harmonious for 3 or more vertices (Beatress and
Sarasija, 2016).
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Tanna (2013) mentioned that a graph
labeling, if it exists, is not necessarily unique. Such
idea was used by Lawas in 2016 when he showed
alternative harmonious labelings of some particular
friendship graphs from that of Tanna’s. This remark
is used as basis in the construction of the following
alternative algorithm for the square harmonious
labeling of paths.

2. Preliminaries

Beatress and Sarasija (2016) defined that a
graph G=(V,E) with n vertices and k =n — 1 edges
is a square harmonious graph if there exists an
injection

fv {12,k +1

such that the induced mapping

f*:E(G) a{1,4,9,...,k2}
defined by
f*(uv) = (f(u)+ f(v))mod(k2 +1)

is a bijection.

Since the focus of this article is on paths, we
formally have the following definition. A path P, is a

graph that is an alternating sequence
V1€V2€oV383.. Vn_18n_1Vn

of vertices and edges that starts and ends with a
vertex, in which the edges are defined as

€ =ViViu1

where i=12,..,n—1. Note that a path has n vertices
and n—-1 edges.

Fig. 1. The path B .



The following result was developed by
Beatress and Sarasija (2016).

Theorem 2.1 Every path B, (n>3) is a square

harmonious graph.

Proof: Let B, (n>3) be a path with n vertices and
k=n-1 edges.

Letting
V(P,) = V2, Vo }
and
E(R) = {vivi+1 11<i< n—l} .
Define an injection function
f :V(Pn)—>{1,2,3,..., k2 +1}

such that f(w)=3,

f(vp)=1,
f(v3)=k2+1,
f(vg) =k,
f(vg)=k?>-2n+4

f (Va) = Vi 1 +(2i =5), SsistﬂJ ;

N

f (Vaj,1) = Vi — 2N+ 2i, 3<i<{”7_1J .

The function f induces a bijection

i E(R) > {1,4,9,..., k2} ,
f*uv)=(fu)+ f(v))mod(k2 +1) .

The edge labels are distinct. Hence every path
P, (n>3) is a square harmonious graph.
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3. An Algorithm To Show That Paths
Are Square Harmonious

As Tanna (2013) mentioned that a graph
labeling, if it exists, is not necessarily unique, we
tried to develop an alternative way of labeling the
Path so that the new labeling is not just simpler in
form but will also hold for n>2.

Let B, (n>2) be a path with n vertices and

k=n-1 edges. For labeling purposes, we will denote
the vertex set to be

V(Py) ={V0, V1, V2, Vin1 |
instead of
V(Pn) = V1, V2, V3. Vi |
hence the edge set will be
E(P,) = {vi_1vi :1<i<n-1}
Define the function
f:V(R) —>{L2,3,...,k2 +1}.

such that
2
f(vg) =k +1 and

|
f(vi) =ZJ’ , for i=123..,(n-1) .
j=1

The labeling above would mean that

1
)= j=1.
j=1

2
f(vz):Zj:1+2=3,

=1

3
f(V3)=Zj:1+2+3=6,
j=1



n-1
f (V1) =1+2+..+(n—2)+(n-1) :Zj .
-1
The 1idea of choosing these labels for
Vi , 1=123,...,(n-1) is that these induce the edges

to have respective labeling of 1, 4, 9, .., (n —l)2 which
are obtained from computing the sum given by the

function f*.That is,

7 (e) =t (vovp) =1
7 (ep) = (vvp) =1+3=4,
" (e3) = f " (vovg) =3+6=9,

ceey

" (en—1)=f (Wn_2vn_1) =(n-D)%.

It is left to show that £ is injective and that

" is bijective.
For i>1, it can be verified that

i<3i+2
=i2+i<i?+3i+2

=)+ <(i+D)(i+2)
N (iHi+1 < i+D3i+2)

= f(vi) < f(via)

So Vj <Vijpq = F(vj) < f(viy1) , thus £ is

strictly increasing.

Also, since for i >1,

3i<i’+4
o i%-i<2i®—4i+4

= @<i2—2i+2.
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i-1
o Z j<i?-2i+2
j=1
o FE_) <@i-12+1.
Consequently,
f(vhy) <(n-12 +1=k?+1
Thus, it follows that the labels for the

vertices V| to Vp_; will always be less than (and can

not be equal to) the label for vy which is

(n —1)2 +1=k®+1. Thus, the function f is injective.

To show that f’is bijective, note that by
definition of f and forall i=123,...n—-1

) = 17 (viavi)
=(f(vi_1)+ f(vi))rmd((n—l)z +1)

iihzi:j mod((n—1)2+1)
=L j=t
= _[ ( —1)(i)j+[(i)(i2+1) ﬂmod((n—l)2 +1)

2

- :i(i%l+i+—1ﬂmod((n—l)2 +1)

2

= i_2 mod((n ~1¢ +1)

—i?

So

f(e)="1 (ej)

=i%=j?

=i=j because 1<i,j<n-1

=ej =ej because theedge labels are distinct

*
Thus, f isinjective.



Also, since

*{er.e0.63,... 013 > {L49,...(n-1)%},
foreach y= i2 e{L4,9,...(n —1)2},

take the corresponding value

x=ej €{er,e2,€3,...n_1}-

*
Hence f is surjective.

Therefore, f :{ej,€5,63,.. en_13—>{L49,... (n-1)%} is
both injective and surjective and hence bijective.
4. Summary and Conclusion
To summarize, there exists an injection

f V0V V2 e Vg } > {123, (N=1)2 +1}

such that
2
f(vp)=k“+1 and

i
f(vi) =Z i, fori=123..,(n-1)
j=1

which induces a bijective function
{er, 00, €n1 3 > {149.... (N-1)}.
Therefore, the function f is a square

harmonius labeling of the Path B, (n>2) and that

Paths are square harmonious graphs.

2
(=F+l 1 3 6 10 15 21 > >

o o

Figure 2. The square harmonious labeling of the path
P, .
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